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Abstract
In this thesis, a regular hexagonal geometry with random deployment of
users is considered in order to study the impact of pilot contamination for a
more general scenario. Specifically, we study a conventional frequency reuse
hexagonal geometry and derive the throughput of the network when multiple
users are reusing the same pilots leading to pilot contamination problem. We
restrict ourselves to only first tier of co-channel interferers. Finally, with the
help of numerical simulations, relations among cell throughput, numbers of
antennas, number of users per cell, pilot reuse factor and coherence period
have been studied. It is shown that the reuse pattern has strong impact on
the system achievable throughput.
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Chapter 1
Introduction
From the past ten years, the wireless technology has been made the constitutional supporter of universal and flexible network access. There is a requirement of easy connectivity and data rates due to which the developments
in cellular technology are being made very fast. A host of data demanding
applications is needed to be fulfilled, which are lead by video streaming,
navigation and graphics heavy social media boundaries on portable gadgets.
For attaining high rates and ethereal effectiveness in wireless communication
systems, MIMO i.e. Multi-input multiple-output has come out as the part of
major technologies from about past ten years. MIMO air interface is being
counted on, by the newest wireless transmission principles, through which
cost-effective consumption of gigabit links in wireless local area network in
addition to commercial cellular networks are gained. Attainments through
MIMO, on the other hand, are acquired at the rate of amplified processing
density and hardware costs. In the previous ten years, by assisting large-scale
creation of low-cost chips with small form features, hardware technology have
acted as facilitator for MIMO due to their fast progresses. 8 antenna ports
1
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at base station and equivalent amount of ports at terminal are acceptable in
the recent state of art in cellular technology. Development of massive MIMO
is a result of the struggles being made through research, to form a technology
which will raise spectral efficiency while the mass of processing complexity
is controlled at the BS.
There are many advantages of Multi-user MIMO over general point-topoint MIMO for example the antenna terminals needed are often cheap, the
environment required is not supposed to be rich in scattering and the allocation of resources is simplified as the time-frequency bins are utilized by
every active terminal. However, using almost equal terminals and number
of antennas multi-user MIMO is not a scalable technology. Massive MIMO
which is also known as Very Large MIMO, Large-Scale Antenna Systems
and Hyper MIMO has a clear edge over the technology that is currently in
practice by using a large number TDD operations and service antennas on
terminals [1][2][3]. With the help of extra antennas throughput and radiated
energy efficiency can be improved at a large scale. A lot of other benefits of
massive MIMO include the reduced latency, robustness, simplified MAC layer
and utilization of cheap low power components. The throughput is mainly
dependent upon the propagation environment when the channels assigned to
the terminals are orthogonal. However, no limitations have been disclosed in
this regard with the help of experiments. Therefore massive MIMO invokes
many research problems which need to be addressed yet including internal
power consumption, increasing energy efficiency, making of low cost components and their synchronization issues.
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Background

Interference initiated by other appliances broadcasting at the same time over
the same bandwidth and fading or the difference of signal power over time,
are the two foremost troubles confronted by the wireless communication of
given bandwidth. Signals are disturbed to SINR i.e. signal-to-interferenceand-noise ratio at the receiver by these sources and a crucial edge is located
on the attainable rate with a randomly low error rate.
To enhance linearly with the bandwidth and logarithmically with SINR,
R is demonstrated, if Gaussian allocation of thermal noise and interference
power occurs. The spectral efficiency of a link is referred to as the information
rate which is diffused in one unit bandwidth. While positioning a cellular
system, the most important metric to bear in mind is spectral efficiency,
because spectrum is a restricted and costly supply. Only adequate achievements in the spectral efficiency of the link may be achieved as an outcome of
a huge growth in signal power because spectral efficiency only develops logarithmically with SINR. Additionally, the interference initiated on other links
rise comparably as the signal power rises, and the enhancement of spectral
efficiency of the overall system is restricted. Alternate ways to advance the
spectral efficiency are obviously required, either by interference reduction or
by formation of extra orthogonal channels within the given spectrum.
To upgrade spectral efficiency, MIMO uses the basic method; (i) to enhance the collected signal power, signals are administered comprehensibly at
multiple transmitter ports, (ii) Termination of interference, or (iii) individual
data streams diffused over spatially separate links. These are corresponding
methods, and there are several factors responsible for the optimal attempt
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with regard to maximizing R. To convey/ accept data to/from each terminal
spatially detached streams can be used in such a situation where the mass of
UEs over the same time-frequency resources, is assisted by BS. Above mentioned method is called MIMO (MU-MIMO), similarly referred to as space
division multiple access (SDMA). With the number of terminals provided
under the standard channel circumstances, spectral efficiency of MU-MIMO
can multiply linearly, with surplus degrees of independence at the BS array.
Honestly exact data of the forward and reverse-link channels for each
terminal is needed by the BS to attain profits in R with MU-MIMO. Diffusing an identified arrangement of symbols (pilot sequence) and observing the
outcome which marks effect on the channel arrangement at the receiver is a
general method used for assessing channel. The channel assessment is only
beneficial for a restricted phase of time and coherence interval; the channel can be supposed persistent over the coherence frequency interval. The
amount of supplies accessible for collecting or diffusing data within the coherence interval is restricted due to the amount of supplies used to acquire
the channel state information (CSI), therefore, attaining CSI comprises an
operating cost. The arrangement to conclude the optimal considerations
among pilot and data revenues for amplifying the cell amount is a significant
research dilemma.
The signal is concentrated into smaller sections of space at the preferred
terminal due to the accumulation of more antennas at BS, as a result, the
collected signal power and vindicating interference is enhanced. The inquiry
of asymptotically immeasurable amount of antennas at the BS in a multicell structure, and its influence on the R is assessed by this inspiration. It
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has been discovered that the system material and energy productivity is
being improved intensely in case of noticeably many antennas. Simple lined
administering evaporates the result of disturbing sound and interference, and
as an outcome of pilots being reprocessed across cells, impurity of channel
assessment limits the operating supposedly.
In wireless communication systems multiple antennas are used to transmit multiple streams of data simultaneously in MIMO technology. Multi
user MIMO is a term used when MIMO communicates with more than one
terminal at a single time. Following are the main advantages provided by
the MU-MIMO:
• Improved energy efficiency, energy is only transmitted in a direction
where the terminal is located hence emitted energy can be focused into
the spatial directions
• Increased data rate, with the help of multi antennas more data streams
can be sent hence more terminals can be served.
• Enhanced reliability, more antennas more paths hence the probability
of a signal to reach its destination is increased.
• Reduced interference, the direction for the transmission of a signal is
controlled at the base station hence interference can be avoided. MUMIMO is evolving the broadband standards of wireless i.e. 4G LTE
and LTE-Advance (LTE-A). In recent years this technology is getting
matured very rapidly. If we consider the above four points than we
know the fact that with the increase in number of antennas we can
achieve better results in all of them, but the number of antennas used
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today is modest. Maximum number of antennas allowed by LTE-A is
8 and equipments being built dont even have this amount of ports in
the base station.

1.2

Going Large: Massive MIMO

Massive MIMO is the evolution of MU-MIMO that massively scales up the
magnitude of MIMO. In the same time frequency resource tens of terminals
are considered to be served with hundreds of base station antennas [4]. Basically massive MIMO will provide all the benefits of conventional MU-MIMO
but at a very large scale. Massive MIMO is a technology of future that will
provide broadband networks more security, robustness, energy efficiency and
efficient use of spectrum. Different kinds of deployment and configuration
for massive MIMO can be envisioned in the Fig 1.

Massive MIMO requires good knowledge about the channel for both uplink and downlink channels for the fact that it uses spatial multiplexing.
This can be easily achieved in uplink when terminals send pilots to the base
station that can be used to estimate the channel. In the downlink it is more
complex. First base station sends pilots to the terminals where they estimate
the channel and quantize the so-obtained estimation; this estimation is then
sent back to the base station. This is not possible in massive MIMO because
of two reasons. First, the downlink pilots should be orthogonal which means
that as the number of antennas increase more frequency and time resources
are utilized than conventional MIMO [5]. Secondly, each terminal accepts
multiple numbers of pilots so the number of channel estimation at the termi-
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Figure 1.1: Deployment and configuration of massive MIMO antenna arrays.
.
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nal also increase with the increase in number of antennas. The solution for
this problem is to operate in TDD mode and depend upon the uplink and
downlink channel reciprocity [6].

1.3

The potential of Massive MIMO

Some of the major benefits of massive MIMO are:
• Increase in capacity and energy efficiency, with the help of spatial multiplexing we can increase the capacity up to 10 times than the conventional MIMO [7]. The reason is that many tens of terminals are served
in the same frequency and time resource hence increasing the spectral
efficiency as well. By focusing our energy with extreme sharpness we
can into small areas we can increase energy up to 100 times.
• Massive MIMO can be built with cheap components; the ultra linear
50 Watt amplifiers are replaced by the cheap hundreds of amplifiers
that has the output power in milli-Watt range. Massive MIMO rely on
the law of large numbers which concludes that the fading, noise and
hardware imperfections cancel out when signals are transmitted from
many antennas. This will help a lot in the near future as the energy
issues faced by the base stations are getting severe day by day. Massive
MIMO decreases the energy consumption by the order of 2 as compared
to the conventional MIMO.
• Massive MIMO offers significantly less latency, as discussed earlier massive MIMMO depends upon the weak law of large numbers which cancels out the fading and noise effects.
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• Simplification in the multiple access layer, when using OFDM almost
same channel gain is provided to each subcarrier so whole bandwidth
can be given to all the subcarriers.
• Massive MIMO has robustness against jamming, in massive MIMO this
is achieved by spreading the data in frequency domain that it makes it
difficult to decode.

1.4

Limiting factors of massive MIMO

A lot of research is being carried out in this domain still there are many open
research problems that are to be solved yet. Mainly these problems include:
1. Channel Reciprocity.
2. Pilot Contamination.
3. Orthogonality of Channel Responses and Radio Propagation.

1.4.1

Channel Reciprocity

Channel reciprocity is what TDD operation depends upon [8]. Propagation
channel is believed to be essentially reciprocal, only if the propagation is not
affected by materials having unusual magnetic properties. Yet, it is possible
that the hardware chain in the base station and terminal transceivers are not
reciprocal between the uplink and the downlink. Adjustment of the hardware
chains does not apparently create any serious problem and there are such
calibration-based solutions which have been tested to a certain degree [9, 10].
Specially, [9] handles reciprocity calibration for 64-antenna system with more
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specifications and affirm a successful experimental application. It is to be
noted that, in order to acquire a full beamforming benefits of massive MIMO,
calibration of the terminal uplink and downlink chains is not compulsory; a
coherent beam will surely be passed to the terminal by the arrays, only if
the base station equipment is accurately calibrated (some imbalance will
still be possible in terminals receiver chain but by transmitting pilots to
the terminal through the beams, it is possible to handle this imbalance).
Complete calibration in array is not necessary. One of the antennas can
rather be handled as a reference and hence the signals can be exchanged
from the reference antenna to the other antennas to derive a settlement factor
between the antennas, which is suggested in [9]. It can also be possible to
abandon the reciprocity calibration in the array, for instance, supposing that
the maximum phase difference between the uplinks and the downlinks were
less than 60 degrees, coherent beam forming would still exist (at least with
MRT beamforming) even with a possible 3db reduction in gain.

1.4.2

Pilot Contamination

The uplink pilot sequence that is ideally assigned to any terminal in massive
MIMO systems is orthogonal [11 ]. Therefore, number of pilots required in
a system is upper bounded and are defined as the division of channel coherence time by channel delay spread. In a general scenario the number of
maximum orthogonal pilots for 1 millisecond coherence time is estimated to
be 200 [12]. In a multi cellular system these pilots are used very quickly that
demands the need of reuse of pilots [13][14]. Pilot contamination is the term
associated with the negative effects of reusing pilots in more than one cells
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[15]. Correlation of pilot sequence assigned to a particular terminal with the
received pilot signal gives the estimation of channel that is contaminated by
channels that use the same pilot sequence. Therefore considering downlink
beamforming interference occurs in those terminals that have the same pilot sequence similar is the case for uplink transmissions. This interference
increases directly with the increase in service antennas [16]. Pilot contamination is not only restricted to massive MIMO it is a general phenomenon
but it is appears at a high rate in massive MIMOs than ordinary MIMOs
[17]. Marzetta et al. [18] has discussed in their work that the occurrence of
pilot contamination degrades the performance. There are several ways that
can be used in order to avoid this contamination as the channel estimation
is dependent upon it in many cases.

• One way is to use less number of reuse factor for pilots which sets the
cells with same pilot sequence far apart. Or the allocation of pilots can
be done adaptively but so far optimal scheme is not known.

• Blind techniques and channel estimation algorithms are also used to
eliminate the effect of interference.

• Using precoding techniques that involve the network topology like pilot
contamination techniques [19]. This utilizes the cooperative communication over multiple cells that are outside the beamforming region in
order to at least remove the effect of partially overlapping interference
caused by pilot contamination. This kind of precoding does not require
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the actual estimate of channel instead it only requires the slow fading
coefficients. In practical these precoding techniques need to be developed yet.

Figure 1.2: Pilot Contamination for uplink transmission.
.
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Orthogonality of Channel Responses and Radio
Propagation

Massive MIMO (Specifically MRC/MRT processing) depends to a great degree on Favorable Propagation which is a quality of the radio environment
[20]. In simple words, favorable propagation means that the propagation
channel feedbacks from the base station given to several terminals are different enough. Channel assessments should be done with the help of realistic
antenna arrays, in order to study the nature of massive MIMO systems. It is
done this way because if using large arrays, channel behavior changes from
what is mostly seen with the use of conventional smaller arrays. These are
the most crucial differences; (I) a large scale fading is possible over the array and (II) perhaps the small-scale signal statistics change as well over the
array [21]. It is also appropriate for arrays which are smaller in size with
directional antenna elements pointing in different paths [22].
Two massive MIMO arrays which are used for the measurement reported
in the paper are shown in Figure.5. A closely packed round massive MIMO
array with 128 antenna ports is at the left side. This array constitutes 16
dual-polarized patch antenna elements in spheres, and 4 of these spheres are
stacked on one and other. This array gives the possibility to settle down the
scatters at various elevations along with the benefit of being closely packed.
But because of its defined aperture, it deals with worse settlements in azimuth. At the right side there is a larger in size straight horizontal array,
where, to imitate a genuine array with same proportions, a single omnidirectional antenna element is moved to 128 various locations in an otherwise
constant environment [23].
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Figure 1.3: Array of Massive MIMO antennas used for the measurements.

1.5

Thesis Contribution

In this thesis, a regular hexagonal geometry with random deployment of
users is considered in order to study the impact of pilot contamination for a
more general scenario. Specifically, we study a conventional frequency reuse
hex geometry and derive the throughput of the network when multiple users
are reusing the same pilots leading to pilot contamination problem. We
restrict ourselves to only first tier of co-channel interferers. Finally, with the
help of numerical simulations, relations among cell throughput, numbers of
antennas, number of users per cell, pilot reuse factor and coherence period
have been studied. It is shown that the reuse pattern has strong impact on
the system achievable throughput.
The concept of massive MIMO includes a large array of transmit antennas
i.e. up to hundreds of antennas at the base station. It has been concluded in
this thesis that massive MIMOs can be a lot helpful in improving the data
rates and link reliability. Moreover powers saving issues are also solved with
the help of this concept. Massive MIMO which is also known as Very Large
MIMO, Large-Scale Antenna Systems and Hyper MIMO has a clear edge
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over the technology that is currently in practice by using a large number of
TDD operations and service antennas on terminals . With the help of extra
antennas throughput and radiated energy efficiency can be improved at a
large scale

1.6

Thesis Organization

In Chapter 2 we describe the literature review related to the massive MIMO
systems and pilot contamination. Different techniques have been studied to
analyze the effect of pilot contamination and techniques related to mitigate
the effect of pilot contamination have also been studied. In Chapter 3 System
Model for the throughput of the hexagonal geometry and random deployment
of users has been described. All the mathematical equations have been thoroughly explained with derivations in this chapter. In Chapter 4 Numerical
Results have been discussed. All the figures have been plotted on Matlab
with respect to different parameters like throughput, reuse factor, number of
users per cell and coherence time. Chapter 5 contains the Conclusion of the
thesis and the future work. References have been given at the end.

Chapter 2
Literature Review
In wireless cellular systems, multiple antennas are used at the base station
(BS), which provide high throughput as well as improved quality of service
to its users. Considering a multiple cell geometry, where each cell is equipped
with tens of antenna making a massive MIMO system, it is obvious that the
knowledge of channel state information (CSI) at the base station plays an
important role to achieve high system performance. The most efficient way
of obtaining CSI is through reciprocity that uses uplink training of pilots [24],
[25]. The major constraint while considering a multiple cell scenario is the
allocation of pilot signals to the users. This affects the system performance in
a great way as the CSI is further dependent upon the pilot allocation scheme.
The frequent mobility of users shortens the channel coherence period and as
a result the length of pilot sequence gets limited. Therefore, considering the
scarcity of bandwidth it is not feasible to allocate distinct orthogonal pilot
signals to users in each cell. The major issue of reusing non-orthogonal pilot
signals in different cells is commonly known as pilot contamination that limits
the achievable throughput [26]. It is caused when the CSI at BS is corrupted
16
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because of pilot signals from neighboring cells using the same frequency.
Marzetta [18] has shown in his work that as the number of antennas increases to infinity, the throughput eventually saturates. Gopalakrishnan et
al. [27] and Ngo et al. [28] derived the asymptotic throughput bound, which
shows that the throughput is limited by pilot contamination. Different techniques have been studied in order to reduce the effect of pilot contamination.
Tadilo et al. [29] proposed a novel pilot optimization and channel estimation
algorithm to reduce the weighted sum mean square error (WSMSE). Papadopoulos et al. [30] and Huh et al. [31] improved the throughput with the
help of cooperative communication in which they divided the mobile terminals in different groups. Appaiah et al. [32] used asynchronous transmission
of pilots to reduce the correlation error for channel estimation and Jose et al.
[26] worked on regularized zero force precoding. Peng Xu et al. [33] studied
that the pilot contamination problem is not relieved by increasing number
of pilot sub-carriers while using the channel estimators like least square (LS)
and minimum mean square error (MMSE) but it can be mitigated if proper
pilot reuse or allocation scheme is proposed [34][35]. Yang et al. [36] derived
the throughput for a line geometry of cells where users are co-located in each
cell.
In massive MIMO system, the pilot resources are constructed in a way
that theyd be orthogonal in the cell, but are used again by terminals in other
cells. Pilot contamination is the reuse of pilots in neighboring cells causes
intrusion during channel estimation phase. Different techniques have been
studied to mitigate the effect of pilot contamination. Some of them have
been explained below in detail
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Pilot Open-Loop Power Control

Mobile terminals pathloss and transmit power are what the average obtained
power of a pilot signal at the BS relies on. Moreover, a terminal has normally
a lower pathloss, if its placed near the BS, and therefore, if located at the
BS it would have higher signal power. If terminals are at cell-edge they
normally have greater pathloss, and hence, even during transmitting at their
maximum power, they have a low signal power. This is why they are prone to
disturbance from non-orthogonal pilot transmissions from the cells nearby.
On the contrary, when the terminals are near BS, they enjoy a reduced
pathloss, which in return gives a better SINR.
Uplink power control or disseminating the power control in the reverse
link is very essential in controlling the shared radio resources. Pilot open
loop power control (pilot OLPC) scheme approves the terminal to adapt the
transmit power of its pilot signal based on its approximate of the pathloss to
its serving BS. The pathloss is estimated from forward-link reference signal
by the terminals which try to duplicate network-wide desired pilot signal
strength at the BS. The received pilot SNR is balanced by this technique at
the serving BS of a terminal with the interruption produced at the nearby
BSs [37]. SNR fairness of pilot signals is maximized by the attempts of Pilot
OLPC, through compensating for their further added pathloss. Pathloss
compensation has the planned effect of shortening overall pilot intrusions in
the network at the price of SNR deterioration for terminals positioned near
BS.
While using closed-loop power control technique the BS transmits periodic signals for power increment or decrement based on the estimates from
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SINR due to which tighter range of operating point is created. We can implement power control with an ease because it only dependents upon large-scale
fading [38]. The compensation factor and operating levels depend upon the
existing standard measurements. Here, only open loop closed systems transmit power will be considered. The transmit power will depend upon two
things (i) an open-loop path loss compensation factor and (ii) a base level
of power P0 that is same across the system. The pathloss βjk for the k th
terminal of j th cell is given as

Pjk = min(P0 + α · βjk , Pmax ) + 10log10 M

(2.1)

Where α is the path loss compensation component, Pmax is the maximum terminal power in a single RB and M is the total number of RBs
allocated.

Maximum fairness for the edge users is achieved when α =

1i.e.f ullpathlosscompensation.
In the presence of OLPC the users that have strong channel estimates
control their transmit power in order to reduce the SNR to achieve the desired
level of SNR. By doing so, the interference created on other BS is also reduced
by the same amount. The users at the cell edge continue to transmit at the
higher power that improves their SINR as described in Fig 2.1a. Whereas,
the SINR of the user closer the base station is decreased because of OLPC.
The SINR of a received signal depends upon the estimate of channel at the
BS. Per-cell throughput is increased if estimated channel is good enough with
the help spatial multiplexing [39][40]. The achievable throughput in a multicell scenario depends upon the operating point and the amount of users and
their location in a cell [41].
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(a) Pilot reuse at cell edge and close to
BS

(b) Pilot reuse by close cell-edge terminals

(c) Pilot reuse close to serving BSs

Figure 2.1: Uplink transmission with all users transmitting at max power
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Less Aggressive pilot Reuse

Full pilot reuse prompts most extreme inter-cell interference amid channel
estimation, which can be relieved utilizing a less forceful pilot reuse factor.
Pilot reuse is closely resembling to the conventional frequency reuse as the
terminals inside the pilot reuse region can use just a small amount of the
time-frequency resources, within the channel estimation stage. Whereas, in
the case of pilot reuse, every terminal is allowed to utilize all the accessible
resources for communication for the remaining coherence time. The pilots
are reused in the system by the rate of 1/U, where U is the quantity of
cells that are allotted orthogonal pilots. While using reuse factor of U ¿ 1
dependably limits the effect of pilot contamination by allocating orthogonal
pilots to the neighboring cells. The aggregate number of novel time-frequency
components held for pilot transmission are KU, where K is the quantity of
terminals in each cell.
The trifling instance of pilot reuse is full pilot reuse with U = 1. For
this situation, we hold K time-frequency indices for pilot sequences. The
indices may be found anyplace inside the resource block without loss of simplification. We create K orthogonal pilot sequences including these indices,
that are circulated at arbitrary or algorithmically among the mobile user inside each one cell. Since the cells are thought to be synchronized, the pilot
transmissions are synchronized crosswise over cells also.
Moderate value of Reuse factor in this scenario will be used and the
orthogonal pilots are used by the terminals of the nearby cells that cause
much interference. If we use a hexagonal geometry for cellular layout then
the minimum reuse factor that can help in assigning the orthogonal pilots to
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(a) Pilot reuse 1

(b) Pilot reuse 1/3

(c) Pilot reuse 1/3 pattern

Figure 2.2: Time-frequency resources consumed by pilots for K = 12, reuse
factor 1 and 1/3 respectively
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the adjacent cells will 1/3. The resources used to implement this reuse factor
will be three time the number of users i.e. 3K. A group of pilots is assigned
to each cell and the terminals are assigned with the pilots as in the case of
full pilot reuse scheme. In a similar way we can define schemes for the reuse
factors 4, 7 and 9 which can reduce the pilot contamination even more as the
terminals using the same pilots are now placed at a farther distance.
Using higher values of pilot reuse we can eliminate the pilot contamination
but at the cost of the overheads added by using the pilot resources. This
overhead will limit the amount of data that is to be sent in the next phase.
Anyhow this better estimate of channel will result in better beamforming for
the uplink and downlink transmissions using spatial multiplexing to serve
the terminals. Hence there is a tradeoff between the exact beamforming and
data transmission afterwards.
There is another technique that is also known as Soft Pilot Reuse, in
which the terminals at the cell edge of each cell are assigned the orthogonal
pilot sequences. Hence the terminals will not affect the transmission of the
adjacent cell terminals with this implementation. As we know that cell-edge
terminals have the poor SNR therefore with the help of this technique higher
rates can also be achieved.
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Figure 2.3: Pilot distribution scheme for Soft pilot Reuse

2.3

Effect of pilot Contamination in massive
MIMO cellular uplink systems with pilot
reuse

A pilot reuse scheme has been employed in an uplink massive MIMO system. Lower bound for non asymptotic throughput is shown to be precise
with the help of simulations. Three types of interferences affect the lower
bound namely: inter-cell interference, intra-cell interference and pilot contamination. Certain conditions are examined on which the behavior of each
interference dominates. These conditions include the pilot reuse number, M
(number of mobile stations) and network topology. For example when M=100
then throughput is maximum when we use pilot reuse number 2. Pilot contamination in this case is eliminated and inter-cell interference dominates.
In this paper a pilot reuse scheme is considered for an uplink massive

CHAPTER 2. LITERATURE REVIEW

25

MIMO network. Pilot reuse number can be more than one in this case.
Lower bound for throughput that is non-asymptotic is derived for the cellular
network. The lower bound is characterized with three interference terms:
inter-cell, intra-cell interference and pilot contamination. Studies on the
conditions for which certain interference dominates are discussed with the
help of numerical simulations which gives insight about the relation among
number of base station antennas optimal throughput, network topology and
pilot reuse number.
A 2L+1 cells ranging from L to L are considered to be deployed in a
line, shown in the following figure. M numbers of base station antennas are
located in each cell and the distance between two closest neighboring base
stations is d. k number mobiles are served in each cell. The K mobiles are
considered to be single antenna and co-located for the sake of simplicity i.e.
the distance between mobile and its respective base station is do.
In this paper lower bound for throughput in a massive MIMO uplink
cellular network with a pilot reuse scheme has been found. Three types of
interference were identified and discussed. It has been shown that the pilot
contamination does not limit the throughput when (1) pilot reuse number
is greater than 1 or (2) the mobiles are located at the cell center with pilot
reuse 1.
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Chapter 3
System Model
Consider a tier-1 hexagonal geometry of a cellular system, where each cell
has a radius R. By tier-1 we refer to the area of interfering cells that causes
co-channel interference (CCI) and is considered the main source of pilot contamination. The reuse factor of the hexagonal geometry is given by Q, where
Q = {1, 3, 4, 7, ...}. For instance, in Fig. 1, six interfering cells for the center
cell constitute tier-1 geometry with Q=1. Each cell contains an M -antenna
base station (BS) that serves K randomly deployed single antenna mobiles.
Let di,j,k be the distance between user k of cell j and the BS antennas of cell
i , then the path loss factor is given by

ϕi,j,k =

1
α
di,j,k

(3.1)

Where α is the path loss exponent. Although the distance to all BS antennas
potentially remains the same for one user, however, we will use this notation
for consistency with fading gains.
A Rayleigh block fading channel is assumed where all the channel co-
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efficients remain constant for a block of T symbols; T being the channel
coherence period. Considering the geometry, the channel matrix between
the antenna i and mobiles in cell j is Ci,j ∈ C M ×K where all the entries of
Ci,j are independent and identically distributed (i.i.d.) complex Gaussian
with zero mean and unit variance.

3.1

Multi-cell Uplink Communication

All the mobiles in this uplink scenario communicate with their respective base
station in two stages: uplink training with pilot reuse and actual transmission
of the data.

3.1.1

Uplink Training with Pilot Reuse

In each cell, orthogonal pilots are assigned to the users, which are reused by
other cells by the factor Q. Assume a pre-designed pilot sequence matrix
Ψ = [Ψ0 , · · ·, ΨQ−1 ]

∈ CQK ×QK

(3.2)

Where Ψ is divided among all cells. Assume that Ψ0 is assigned to the Cell
0 which is considered to be the serving cell (center cell from Fig. 1) and the
pilot sequence is further reused by Cell lQ where 1 ≤ |l | ≤ b QL c where L is
the total number of cells in geometry. The pilot Ψq,k is assigned to a single
user k of a cell in order to remove intra-cell interference with the help of
orthogonality of pilot signals.
We only analyze Cell 0 here for brevity. In a single time-frequency block,
all the mobiles send their pilot signals to the base station. The signals received at base station 0 are
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L−1
X
p
P0 = φτ QK
C0,j Ψ∗(j ) + W0 ,

∈ CM ×K

(3.3)

j =0

where C0,j = [ϕ0,j ,1 c0,j ,1 , · · ·, ϕ0,j ,K c0,j ,K ] is the channel matrix between the
mobiles of cell j and base station 0, c0,j ,k is the channel vector between base
station 0 and cell j 0 s k -th mobile user and (j) = (j mod Q). The variable
W0 is i.i.d. CN (0, 1) and φτ is the average transmission power per mobile.
√
The factor QK guarantees that average power is φτ .
The received signal P0 is projected onto Ψ0,k in order to estimate c0,0,k
at the base station 0. After normalization, the resulting signals are
X r ϕ0,lQ,k
w0,k
c0,lQ,k + p
∈ CM ×1 .
p0,k = c0,0,k +
ϕ
ϕ0,0,k φτ KQ
0,0,k
l6=0

(3.4)

A minimum mean squared error (MMSE) estimator [42] is applied to the
received vector of pilots to get
−1
ĉ0,0,k = Ycp Ypp
P0,k ;

(3.5)

where Ypp and Ycp are the correlation and cross-correlation matrices, respectively. As all the channel vectors are independent therefore, the crosscorrelation matrix becomes Ycp = IM . The correlation matrix Ypp is given
as
Ypp = IM +

X ϕ0,lQ,k
l6=0

|

ϕ0,0,k
{z }

IM +

1
IM .
ϕ0,0,k φτ KQ
{z
}
|

a1

(3.6)

a2

From the above equation, we can define στ2 = (1+a1 +a2 )−1 and now applying
the MMSE decomposition
c0,0,k = ĉ0,0,k + c̃0,0,k ,

(3.7)

where c̃0,0,k is the independent uncorrelated estimation error. Both the entries are i.i.d. where ĉ0,0,k is CN (0, στ2 ) and c̃0,0,k is CN (0, 1 − στ2 ).
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Actual Transmission of Data

In the next T − KQ slots, all the mobiles transmit their data. This takes
place in all cells after the uplink training of pilots. The received signal at
base station 0 is
r0 =

Xp

φϕ0,j ,k c0,j ,k rj ,k + n0 ,

(3.8)

j ,k

where φ is the average power consumed by a mobile to transmit the data rj ,k
by a user k in cell j and no is the noise, which is CN (0, 1). At base station
0, maximum ratio combining (MRC) is applied to receive the k -th mobile’s
signal. The unit norm vector is denoted as
uk =

ĉ0,0,k
kĉ0,0,k k

∈ CM ×1 .

(3.9)

After applying maximum ratio combining and normalization, we get
s
1
wk
(3.10)
u∗k r0 = u∗k ĉ0,0,k r0,k +
φτ ϕ0,0,k
X r ϕ0,0,i
∗
∗
c0,0,i r0,i
(10a)
+ uk c̃0,0,k r0,k + uk
ϕ
0,0,k
i6=k
+

u∗k

K r
XX
ϕ0,j,i
j6=0 i=1

ϕ0,0,k

c0,j,i rj,i .

(10b)

In (3.10), the two terms are desired signal and the noise respectively. In
(3.10a) the terms refer to intra-cell interference and in (3.10b) the term denotes inter-cell interference.

3.1.3

Achievable Cell Throughput

The average throughput of cell 0 using the above mentioned scheme is achieved
by the following derivation. Tier-1 base stations of hexagonal geometry with
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M -antenna are deployed. Each base station serves K randomly located single antenna mobiles of its own cell with path loss factor ϕ0,0,k . The inter cell
interference in equation (3.10b) can be re-written as

u∗k

K r
XX
ϕ0,j,i

ϕ0,0,k

j6=0 i=1

c0,j,i rj,i −

u∗k

X r ϕ0,lQ,k
l6=0

+u∗k

X r ϕ0,lQ,k
l6=0

c0,lQ,k rlQ,k

(3.11)

c0,lQ,k rlQ,k ,

(11a)

ϕ0,0,k
ϕ0,0,k

where (3.11a) represents the pilot contamination. For a single user k , we can
calculate the throughput as
|u∗k ĉ0,0,k |2
R ≥ log 1 + 1
+ I1 + I2 + I3
φϕ0,0,k

!
,

(3.12)

where I1 , I2 , I3 are intra-cell, inter-cell and interference due to pilot contamination, respectively and given as

I1 =

|u∗k c̃0,0,k |2

+

X
i6=k

u∗k

r

2

ϕ0,0,i
c0,0,i ,
ϕ0,0,k

K
XX
X ϕ0,lQ,k
ϕ0,j,i ∗
I2 =
|uk c0,j,i |2 −
|u∗k c0,lQ,k |2 ,
ϕ
ϕ
0,0,k
0,0,k
j6=0 i=1
l6=0
X ϕ0,lQ,k
|u∗k c0,lQ,k |2 .
I3 =
ϕ0,0,k
l6=0

(3.13)

(3.14)
(3.15)

Both the terms I1 and I2 are independent of |u∗k ĉ0,0,k |2 , whereas I3 is dependent upon c0,0,k which also shows dependence upon |u∗k ĉ0,0,k |2 . In order
to analyze I3 , MMSE decomposition is applied on c0,lQ,k . Hence we can
write ĉ0,lQ,k as ĉ0,0,k because the MMSE decomposition for both the terms is
proportional. Thus,
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where c̃0,lQ,k is i.i.d. CN (0, 1 −
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ϕ0,lQ,k
ĉ0,0,k + c̃0,lQ,k ,
ϕ0,0,k

ϕ0,lQ,k 2
σ )
ϕ0,0,k τ

(3.16)

and denotes the estimation error

and is not dependent upon ĉ0,lQ,k . Re-write I3 as
I3 =

X ϕ20,lQ,k
ϕ20,0,k
l6=0

|u∗k ĉ0,0,k |2 +

X ϕ0,lQ,k

|u∗k c̃0,lQ,k |2

ϕ0,0,k
l6=0


X ϕ0,lQ,k 3
∗
∗
) 2 (uk ĉ0,0,k c˜∗ 0,lQ,k uk + uk c̃0,lQ,k cˆ∗ 0,0,k uk ) ,
+
(
ϕ
0,0,k
l6=0

(3.17)

and denote the rate conditioned on ĉ∗0,0,k by R̄. To achieve the lower bound
of R̄, convexity of log(1 + x1 ) is used, therefore,

R̄ ≥ log 1 +

1
φϕ0,0,k

|u∗k ĉ0,0,k |2
+ E [I1 ] + E [I2 ] + E [I3 ]

!
(3.18)

where E [I1 ] , E [I2 ] and E [I3 ] are given as
E [I1 ] = (1 − στ2 ) +

X ϕ0,0,i
ϕ0,0,k
i6=k

(3.19)

K
XX
ϕ0,j,i X ϕ0,lQ,k
E [I2 ] =
−
ϕ0,0,k
ϕ0,0,k
j6=0 i=1
l6=0

E [I3 ] =

X ϕ20,lQ,k
ϕ20,0,k
l6=0

|u∗k ĉ0,0,k |2 +

(3.20)

X ϕ0,lQ,k
l6=0

ϕ0,0,k

(1 −

ϕ0,lQ,k 2
σ ).
ϕ0,0,k τ

(3.21)

The last two terms in (20) have zero mean hence neglected in (24). Note
that
|u∗k ĉ0,0,k |2

=

M
X

2
ĉk,q
,

(3.22)

q=1

where the term ĉk,q is i.i.d. CN (0, στ2 ). Hence, |u∗k ĉ0,0,k |2 has Gamma distribution with parameters (M, στ2 ). The right hand side of (21) is written
as
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Γk


log 1 +

1
φϕ0,0,k

+ Ω1 + Ω 2 +

P

ϕ20,lQ,k
l6=0 ϕ20,0,k

Γk


,

(3.23)

where Γk = |u∗k ĉ0,0,k |2 , Ω1 is the intra-cell interference and Ω2 is the inter-cell
interference given as
Ω1 = (1 − στ2 ) +

X ϕ0,0,i
,
ϕ
0,0,k
i6=k

(3.24)

K
XX
ϕ0,j,i X ϕ20,lQ,k 2
Ω2 =
−
σ .
ϕ0,0,k
ϕ20,0,k τ
j6=0 i=1
l6=0

(3.25)

The inverse Gamma distribution (1/Γk ) has a mean value of 1/(M − 1)στ2
[43]. Therefore,



1


Rk ≥ log 1 +

1

( φϕ0,0,k + Ω1 + Ω2 )/Γk +

P

ϕ20,lQ,k
l6=0 ϕ20,0,k



≥ log 1 +
≥ log 1 +

where Ω3 = (M − 1)

(3.26)





1
h

1
Γk

(M − 1)στ2
1
( φϕ0,0,k
+ Ω1 + Ω 2 + Ω 3

!

1

( φϕ0,0,k + Ω1 + Ω2 )/E

P

ϕ20,lQ,k

l6=0 ϕ20,0,k

i

+

P

ϕ20,lQ,k

(3.27)




l6=0 ϕ20,0,k

(3.28)

στ2 is the pilot contamination.

The average achievable throughput for cell 0 is given by
R ≥ K (1 −

QK
) log 1 +
T

1)στ2

(M −
+ Ω 1 + Ω 2 + Ω3
φϕ0,0,k
1

!
,

(3.29)

where φ is the average data power, T is the channel coherence period and
στ2 is the normalized estimation power
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X ϕ0,lQ,k
l6=0

ϕ0,0,k

1
+√
φτ KQ

!−1
.

(3.30)

In (29) the constants Ω1 , Ω2 and Ω3 are defined as
Ω1 = (1 − στ2 ) +

X ϕ0,0,i
,
ϕ
0,0,k
i6=k

K
XX
ϕ0,j,i X ϕ20,lQ,k 2
Ω2 =
−
σ ,
ϕ0,0,k
ϕ20,0,k τ
j6=0 i=1
l6=0

Ω3 = (M −

1)στ2

X ϕ20,lQ,k
l6=0

ϕ20,0,k

(3.31)

.

The derived equation for cell throughput R is valid for even small values
of M and the achievable rate is non-asymptotic which is valid for any M .
Three types of interference terms are characterized in this derivation, Ω1
is the intra-cell interference, Ω2 is the inter-cell interference and Ω3 is the
interference caused due to pilot contamination. Ω2 is referred as non-coherent
interference whereas Ω3 is the coherently added inter-cell interference referred
as coherent interference. Both Ω1 and Ω2 have direct dependence upon K but
are independent of M . Both these interferences also depend upon the network
topology, if the cell size is large then less inter and intra-cell interference will
occur keeping other parameters constant. Whereas, Ω3 increases linearly
with M and is independent of K as there is only single mobile per cell that
is using the pilot with same frequency.

Chapter 4
Numerical Results
In this section, we evaluate the effect of different interferences, pilot reuse
factor and network topology on the average cell throughput. Different simulations have been carried out to study the parameters upon which maximum
throughput is achieved. For all simulations, we assume coherence period T
= 100ms, radius R = 1.4km, path loss exponent α = 3.8 and φτ = φ =
100mW, unless noted otherwise. All the mobiles operate at 3GHz frequency
and 10MHz bandwidth. In order to get ergodic cell throughput, M onteCarlo method is applied with 1e6 simulations for a single user having random
location in every trial.
Fig. 2 shows the average throughput of the system versus the number
of users. We can observe the dependence of throughput on the reuse factor
and the number of users per cell. Average throughput of a cell increases
when the number of users increases. Similarly R increases as the reuse factor goes from 1 to 7 because the coherent interference decreases when the
interfering mobiles get far away from the serving cell 0’s base station. On
the contrary, Non-coherent and intra-cell interference have no effect with the
36
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Figure 4.1: Average throughput with different number of users and reuse
factor
.
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change in Q but both interferences tend to increase with increasing K . The
gain overcomes the loss due to both interferences hence the final net result is
the increase in average throughput of a cell. Fig. 2 also shows the achievable
throughput to a specific number of users for different reuse factors. For example, a throughput of more than 20 bits/sec/Hz is provided when serving
20 users for Q=3.
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Figure 4.2: Average throughput with different number of antennas
.
Fig. 3 depicts the relation between number of antennas and the average
throughput for different reuse factor. The average sum-rate increases as the
number of antennas increase. The saturation in throughput is not obvious
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for 100 antennas for reuse factor 3 as the interference power caused by pilot
contamination using Q=3 is very small, whereas, the throughput saturates
for higher number of antennas at reuse factor 1. Hence we can say that pilot
contamination almost vanishes for higher reuse factors.

24

Average Sum−Rate Bits/Sec/Hz

22
K=20
K=5
K=10

20
18
16
14
12
10
8
10

20

30
40
50
60
70
Coherence Period T (ms); M=100; Q=3

80

100

Figure 4.3: Average throughput with coherence period and different number
of users
.
Fig. 4 shows the relation between coherence period T and the average
throughput with different number of mobiles K . When we consider only 5
users in a cell, the throughput doesn’t change much with the increase in T
but when K goes to 20, the throughput starts increasing gradually as T
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increases. It can be seen that for lower T , K =20 has the least performance.
This is because, it is very difficult to generate orthogonal pilots for more users
in lesser coherence period and hence the pilot contamination dominates the
system. When T increases beyond a specific value, K =20 outperforms the
rest of two cases.
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Figure 4.4: Interference types with reuse factor and different number of users
.
Fig. 5 shows the dependence of different interference components upon
the reuse factor and the number of users. As the number of users increases
the inter-cell and intra-cell interference increase, whereas, the pilot contamination stays constant because for tier-1, the number of interferers causing
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pilot contamination will always be six for any reuse factor. On the average, the inter-cell and intra-cell interferences have the same impact on the
throughput because the location of user is random; for distances closer to the
base station, the intra-cell interference dominates and for distances far away,
the inter-cell interference dominates. Hence, on the average, both contribute
the same to the cell throughput. It can also be observed from Fig. 5 that
the reuse factor only affects the pilot contamination, whereas, the inter-cell
and intra-cell interferences remain almost constant because the interferers
that cause pilot contamination move away from the serving cell as the reuse
factor increases. Hence, the throughput is increased while using higher reuse
factors.
Fig. 4.5 shows the average throughput rates for two receivers i.e. MMSE
and MRC. We can see that MMSE receiver performs better than the MRC for
all number of antennas. This is because of the reason that MMSE minimizes
the interference terms only, whereas, MRC amplifies the whole signal and
then multiplies the data that has higher amplitude with some weights of
higher value and leaves the low amplitude signals as it is that does not
ensure the minimization of interference. In MMSE receivers the interference
terms are minimized to zero and the original data is amplified. Hence, we
get higher rates in case of MMSE receiver.
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Figure 4.5: Comparison between throughputs of MMSE and MRC receivers
.

Chapter 5
Conclusion
In this paper, we evaluated the lower bound for non-asymptotic throughput
of an uplink massive MIMO system with hexagonal geometry and random
deployment of users. It was observed that the effect of pilot contamination
diminishes when we have reuse factor greater than 1. Moreover, relationship between the number of users in a cell, number of base station antennas,
duration of coherence period and average cell throughput has been studied through simulations. Through these studies, we can calculate the lower
bound of average throughput for a cell that can be achieved for the different
values of parameters like K ,T ,Q and M . We quantified the cell throughput
for various reuse factors and showed that by moving to higher reuse factors,
pilot contamination is reduced, however, there is very little or no effect on
the inter-cell and intra-cell interference. We considered only MRC receivers,
however in future we intend to also look into the MMSE receivers.
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