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Abstract—In this paper, a closed-form expression for the
outage probability of an ad hoc single-input single-output (SISO)
network is derived when the network is subject to Rayleigh
fading and arbitrary path loss model. The underlying stochastic
geometry of the network assumes a simple point process in which
a single node is placed randomly in a square region. A closed-form
expression of the distribution of the distance between a pair of
nodes is derived. This expression is then generalized for positive
powers to incorporate the path loss exponent. Moment matching
is used to make the model analytically tractable. It is shown
that the distribution of the distance is well approximated by the
Weibull distribution with the scale parameter depending on the
size of the network and a constant shape parameter. The coverage
and outage behaviors of the network for various network sizes
and path loss exponents are quantified. Numerical simulations
are performed to validate the theoretical models.

Keywords—SISO networks, Weibull distribution, outage proba-
bility.

I. INTRODUCTION

In wireless ad-hoc networks, message delivery usually takes
place in a conventional multi-hop fashion between far off
nodes. A point-to-point link is established between the nodes
and the message traverses through multiple such links. How-
ever, because of the varying nature of wireless channel, if a
single wireless link fails during transmission, the probabil-
ity of successful delivery of the message at the destination
approaches zero. Cooperative transmission (CT) was intro-
duced to exploit the inherent features of a wireless channel
by employing spatial diversity. In a CT network, multiple
nodes transmit the same message, thereby providing transmit
diversity. A node receiving signals arriving from multiple
uncorrelated channels is more likely to decode the message
than the node receiving signals from a single channel. Hence,
CT increases the received signal-to-noise ratio (SNR) and
consequently provides range extension. Cooperative networks
like Opportunistic Large Arrays (OLAs) [1] are well-suited for
multi-hop communication where a group of nodes transmits
the same message to another group of nodes. This process
continues in a multi-hop manner. With the assumption of

The authors gratefully acknowledge the grant from National ICT R&D
Fund, Pakistan, for sponsoring this research work.

N70 4 4700 40EN A/40/004 NN ANN4D ICCE nRQ

single packet transmission and no channel access issues, a
necessary condition for correct decoding is that the SNR
of received signal is above a certain modulation dependent
decoding threshold.

Owing to the simplicity in their implementation, OLAs have
gained immense popularity. Researchers have mostly studied
OLAs using brute force Monte Carlo simulations. The authors
in [2] have modeled dense OLA networks under the assump-
tion that the number of nodes goes to infinity with a fixed
power per unit area. This model guarantees infinite propagation
over a strip network. The continuum assumption, however,
renders the model invalid for networks with scarce nodes. In
[3], the authors have considered a linear finite OLA network
with fixed node placement to analytically model coverage
aspects of the network. This work has further been extended
in [4] where the absence or presence of a node at a particular
location is determined by a Bernoulli point process. Their
analysis proves that infinite propagation cannot be guaranteed
with finite nodes but the probability of successful delivery at
a destination can be calculated. A 2-dimensional grid network
is studied with simple assumptions in [5].

The extension of the above models for 2-dimensional ad hoc
random networks is not very straight forward. In this paper, we
consider a fixed boundary 2-dimensional random network to
simplify our design. Many cooperative approaches, specifically
for strip-shaped networks also require that the cooperating
nodes of two adjacent levels form disjoint sets [3], [6], [7].
We focus on an ad hoc single-input single-output (SISO) strip
network where each node is randomly placed in contiguous
square areas. This stochastic design will act as a prelude to
finding the coverage aspects of fixed boundary cooperative ad
hoc networks and for more general strip networks. To find the
one-hop success probability, the path loss model in conjunction
with the fading model needs to be determined. Since each node
is placed randomly, the distance between any two adjacent
nodes is also random. While the channel is considered to
have Rayleigh fading, the path loss model depends on the
distribution of the Euclidean distance between a pair of nodes
in contiguous however disjoint areas. To the best of authors’
knowledge, the distribution of latter is unknown in literature.

Previous work done in finding the distribution of Euclidean
distance focuses on the distance between two nodes in the
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Fig. 1. A realization of SISO network with randomly placed nodes in adjacent
levels.

same area, which does not map on to the problem being
considered here. Present results cannot be obtained as a mere
generalization of the methods given in [8] and the references
therein. Many authors derived the distance distribution between
two nearest neighbors or n'" nearest neighbor as in [9] and
[10] but they do not assume disjoint sets of transmitter-receiver
regions.

In this paper, we find a closed-form expression for the
distribution of the Euclidean distance between two nodes uni-
formly placed in disjoint but contiguous square regions. This
distribution is then approximated to the Weibull distribution by
using the moment matching approach to make it tractable. It is
further used along with the Rayleigh fading model to compute
the closed-form one-hop success and outage probabilities.
These probabilities are then used to find the coverage of an ad
hoc SISO network performing multi-hop communications.

The organization of the paper is as follows: in Section II,
we define the system parameters and introduce some notations.
Section III describes the derivation of the distribution of the
Euclidean distance and its Weibull approximation. In Section
IV, we derive a closed-form expression of the probability law
of the power received at a node. Section V provides the results
and system performance while Section VI concludes this paper
by giving future directions to this study.

II. SYSTEM MODEL

Let ¢ denote a simple point process on M € R? such that
M is a square region of dimension LxL and ¢(M) =1 with
probability one. The random point is uniformly distributed in
the bounded set M. This scenario is illustrated in Fig. 1 where
the nodes are placed in contiguous, however, disjoint sets. This
situation can be attributed to a hallway consisting of adjacent
rooms of equal sizes where a sensor node is placed randomly
in each room for monitoring purposes. A node transmits to the
other node under the impacts of a wireless channel. To model
the wireless propagation, the transmitted signal is subject to
two independent impairments; a path loss model for a random
distance d between the nodes and a small-scale fading model.

The received power, P,, at a node distance d away from its
sender in this SISO network is given as

Ph
s
where [ is the path loss exponent with a usual range of 2-4,
h is a unit-mean exponential random variable (RV), which is

the squared envelope of the signal undergoing Rayleigh fading
and P, is the transmit power. Correct decoding of the data is

P, = ey

leINe]

achieved when the received power is greater than a modulation
dependent threshold, 7.

To study the probability of coverage of this network,
P(P, > 7), we need the cumulative distribution function
(CDF) of the received power. In Equation. (1), d, is a RV with
unknown distribution. Hence, we need to find a generalized
probability density function (PDF) of the distance raised to
any positive power (. Then the distribution of the power
will be the distribution of the ratio of exponential random
variable and distance raised to an arbitrary path loss exponent.
Multiplication with P; just scales the ratio distribution.

Throughout this paper, we use the following notations.
Upper case alphabets represent RVs and lower case alphabets
are their respective realizations.'F'x (z)’ denotes the CDF of
RV X while ‘fx(z)’ denotes its PDF.

III. DISTANCE DISTRIBUTION

Let M, : i € {1, 2} represent adjacent, square regions such
that

M ={(zi,y:): 0<x; <L;0<y; <L} Vie{l2}.
(2)

If A(z1,y1) and B(z2 + L,y2) are two random points, then
the Euclidean distance between them is given as

d=+/((x2+ L) — 21)2 + (2 — 1) 3)

In (3), z; € X; and y; € Y; Vi € {1,2}, where X; and Y; are
independent and uniformly distributed (IUD) random variables
over [0, L]. Without the loss of generality, the x-axis offset can
be applied to y-axis and same results can be obtained.

Let Z = X5+ L —X;. As X; and X5 are both independent
uniform random variables, the distribution of Z is obtained
using a convolution integral

f2)= [ " fe— ) Dde, @

where fx(x) = 1/L [u(xz) — u(x — L)], where u(x) is the unit
step function. Solving the integral we get,

0 2<0,z> 2L,
fa(2) = & 0<z<L, 5)
2 [2L — 2] L <z<2L.

The expression for the PDF, fr(r), of R =Y, — Y7 is given
as [10]

0 r<—L,r>1L,
fr(r) = I}{L—H} —L<r<0, (6)
—|L—r O0<r<L.

L

For the next step, we find the PDF, fr(t), of T = Z2, where
fr(t) is non-zero for 0 < t < 4L? and is zero elsewhere.
Using Theorem 13.2 of [11], a simple derivation yields

0 t<0,t>4L2,
fr(t) = = 0<t<L? (7
1 1 2 2



JIUUESLUILTT £U 1O ~ AU TTUL dlIU OTTIDUI INTLWUIRITY OYIHTHPUDIUINTL

Again, we see that because of no offset in the y coordinates,
the PDF, fo(gq), of @ = R? is given as [10]

0 q<0,q>L?

JEQ(‘J)—{L\l/E_Ll2 0<q<L2 (®)
It is obvious that the distributions of 7" and () are not
identical. Now, for the expression of the PDF of squared
Euclidean distance, we need to find the distribution, fy(u), of
U=Q+1T, where d*> € U. Since ) and T are independent,
we convolve fo(q) and fr(t) to find fy(w), which is given
as

0 u < 0,u>5L2
Y- 0<u<L?
= {3 +w—25in—1ﬁ]
— 2 [Va+Vu—L2 + & L <u<2L?
u) =
~Z[Vu—-Vu—I7  2L* <u<A4L?
= {—% + 2tan™! ufﬁ;
—2tan~! “zzLQ — 5
75 [2Vu— L2 + Vu—4L2] 4L? <u < 5L
)

It can be noticed from the limits of the above equation that
the value of squared distance between two nodes in disjoint
areas is now distributed between 0 and 5L2.

The PDF fy (v) of V = U#% is derived by using Theorem
13.2 of [11]. The generalized distribution of distance raised to
any power 8 > 0 is

1 1
fv(v) = av@‘lfy(v”‘“), (10)

where o = (/2. The factor of 2 is introduced in the exponent
of v because we are directly transforming the squared distance
distribution.

A. Matching distance distribution with Weibull Distribution

Even though an exact closed-form PDF of the distance is
obtained, the expression in (9) consists of various non-linear
terms which make further analysis quite tedious. Furthermore,
since the PDF satisfies all conditions of regularity [12], a
simpler equivalent function can be obtained, which encapsu-
lates the features of the complicated expression of PDF in (9)
carrying all information about the parameters L and «. For
this reason, we proceed with the moment matching technique
such that the first two moments of other random variables with

/N

known distributions are matched with the respective moments
of U. The expected value of squared distance is calculated as

5L° 4

B0 = [ whilwdn =512 an
0

where E[.] denotes the expectation operator. Similarly, the

second moment of squared distance is given as

5L7
E[U?] = / u? fr (u)du = %
0

It has been noticed that the distribution of squared distance
matches closely to the Weibull distribution. Weibull distribu-
tion is characterized by its shape and scale parameter (k and
A respectively). A Weibull distributed RV, W, has the mean

L. (12)

E[W]=AP(1+ ) (13)
and variance
Var[W] = NT(1 + %) — E[W)?, (14)

where I'(z) is the complete Gamma funtion. As we know
E[W?] = Var[W] + E[W]?, we get the second moment of
W as

E[W?] = XT(1 + %). (15)

Hence, the moment matching approach boils down to solving
a set of two non-linear equations simultaneously such that

1 4

1+ -)=-L>
A(+k) 3L ]
)\2F(1+2)—gL4 1o
kS 90

After eliminating A in (16), the equation is solved numerically
for k. We obtain a constant value of k& which is equal to 1.5806.
The value of \ thus obtained is 4L%/(3I'(1.6327)). Hence, the
new distribution of the squared distance is now

k
fU(u) ~ V

Wm0 >, (17)

IV. OUTAGE PROBABILITY

To determine the outage probability, the CDF of the received
power in (1) needs to be calculated, which is the distribution
of the ratio of two RVs namely H > h and V. If P, € P, then
we are interested in finding the probability law for P such that
P = P,H/V. Using (10), the generalized distribution of the
distance raised to any positive power is

o S s ,—(2)°
v) &= —v® e \x
fv(v) -

where, s = k/a and x = A®. Here we notice that the addition
of a path loss exponent simply alters the shape and scale

parameters of the Weibull distribution in (17).
Since H is a unit mean exponential RV and V is a
Weibull RV, we need to find the distribution of the ratio of
an exponential and a Weibull RV. In [13], the authors have

v > 0. (18)
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derived a closed form expression for the distribution of the
ratio of Gamma and Weibull RVs. The PDF of a Gamma
random variable, G is

6" 716799

g>0. (19)

where v and 6 are shape and scale parameters, respectively. We
note that when y and 6 are fixed to 1, the Gamma distribution
simplifies to

fa(g) =e™?

which is essentially the PDF of a unit-mean exponential RV.
Hence, H = G.
Using (10), the CDF of P,G/V is given as [13]

g>0, (20)

F(p) = / " Fapo) fu (v)dv
oo Q1)

i F(l,vp)vsfle_(%)sdv,

—1- =

X* Jo
where I'(z,y) is the incomplete Gamma function and P, = 1.
The integral in (21) is calculated using Equation (2.10.1.5)
of [14]. The outage probability, Fp(7/P;), which is P(P,. <
7/P;) is given as

for s < 1,

T ™\ = T(1+ s+ sn) Ps\"
Fpl—=)=-|=+ —
P<Pt> (Pt> HEZ:O (n—!—l)' TSXS ’

(22a)
for s =1,

T TX
Fpl—= )= 22b
P<Pt> Py +71x (226)

and for s > 1,
T TX 1 1+s+n ™\"
Fp|—=|=-+% r - .
P<Pt> Py e= (n+1)! ( s )( Pt)

V. RESULTS AND SYSTEM PERFORMANCE

In this section, we verify our analytical models and present
some useful results pertaining to the performance of SISO
network of Fig. 1. Fig. 2 represents the PDF of the squared
distance between a pair of nodes for different lengths L. It
can be seen that both the numerical results and the analytical
results from (9) closely match for all values of L. For the
simulation purposes, a pair of nodes is randomly placed in
their defined regions and the Euclidean distance between them
is computed. The simulation results are averaged over 10000
trials.

The PDF of the squared distance is then plotted and com-
pared with the Weibull PDF in (17) for different values of L as
shown in Fig. 3. It can be noticed that the Weibull distribution
with computed moments is a close fit to the squared distance

R4

v Network simulation
Analysis- Eq.(9)

1
i

Fig. 2. PDF of the squared distance, fy;(u), for different region lengths L.
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Fig. 3. Comparison of the analytical PDF of the squared distance with the
matched Weibull distribution (shape parameter, £ = 1.5806, scale parameter,
A = 4L2/(3'(1.6327)) for different values of region lengths L.

distribution in (9). When calculating the outage probability of
a receiver in presence of fading in wireless systems, we are
interested in the complementary CDF (CDFC) or the tail prob-
ability. In Fig. 4, we plot the actual CDFC, Fj; =1 — Fy(u),
calculated from (9) and compare it with the Weibull CDFC
with parameters calculated from (16). The mean squared error
between the actual and the approximated CDFCs is of the order
10~°. Hence, Weibull distribution is an accurate approximation
of the actual distribution.

Figures 5 and 6 display the analytical results generated using
(22). It is desired to observe the effects of varying the path
loss exponent on the outage probability. Since s = k/a =
1.5806/c and oo = /2, this implies that s = 3.1612/3, where
B is the path loss exponent. When 5 = 2, we use Eq. (22¢)
to plot the coverage probability vs. P; in Fig. 5 for 7 = 0.001
and L = 10. Similarly, we use Eq. (22b) and Eq. (22a) for
8 = 3.1612 and = 4, respectively. It can be noticed that as
the path-loss exponent increases, the outage probability at an
arbitrary transmit power increases.

In multi-hop SISO networks, we are also interested in
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Fig. 4. Tail probabilities of analytical model and the Weibull approximation
for different values of L.
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Fig. 5. Effects of transmit power on the outage probability for different path
loss exponents 3. L = 10, 7 = 0.001.

finding the coverage of the network. The one-hop success
probability is given as p = 1 — Fp(7/P;). If a message
propagates m hops through the strip, the m-hop success
probability will be p™. If it is desired that the m-hop success
probability should be greater than or equal to 7, where 7 is
the quality of service (QoS), then p™ > 7, which implies

1
m< 1 (23)
Inp
The average coverage range (CR) is, therefore, given as
CR =mL. (24)

The CR is plotted for different values of transmit power for
a fixed 5 and threshold in Fig. 6. It can be observed that for
the same transmit power, the message propagates to a larger
distance when the width of the network is small. This behavior
can be attributed to the fact that path loss plays a significant
role in reducing the coverage of a network. As we increase
L, we are effectively increasing the signal attenuation because
the average distance between a pair of node increases.
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Fig. 6. Effects of transmit power on coverage range for different region

lengths L. 8 = 3.2, QoS = 0.9, 7 = 0.001.

VI. CONCLUSION AND FUTURE WORK

In this paper, we have derived the exact PDF of the squared
distance between a pair of nodes placed randomly in contigu-
ous but disjoint areas in a strip network. This distribution is
generalized for all positive powers of distance. In order to
make this distribution function manageable for further analysis,
we approximated it with the well-known Weibull PDF. This
approximation is done by computing the first two moments
of the squared distance and then equating them to the respec-
tive moments of the Weibull distribution. The approximated
Weibull PDF is then used to find the outage probability of a
node in presence of Rayleigh fading. We have presented the
CDF of the ratio of an exponential and a Weibull RV, which
is valid for all positive real values of the shape parameter,
s. To the best of our knowledge, this ratio distribution for all
positive real values of s is not explicitly present in the relevant
literature. As an extension to our work, it is recommended to
introduce transmit diversity in this network whereby, multiple
nodes will be transmitting the same message to a receiver with
uncorrelated channel gains.This would require the computation
of the distribution of the sum of received power. The calculated
one-hop success probabilities would be useful in studying the
coverage aspects of more realistic cooperative strip networks.
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