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Abstract

In this work, the performance of a universal mobile telecommunication sys-
tem (UMTS)-based passive multistatic radar in a line-of-sight (LoS) envi-
ronment is studied. The presence of LoS component considerably alters the
received signal model, therefore, its characterization is necessary and is the
main subject of this work where the transceivers and a target are localized in
two- dimensional and three-dimensional Euclidean spaces. The probability
density function (PDF) of the received signal in the presence of LoS is derived
and the closed-form expressions of the modified Cramer-Rao lower bounds
(MCRLBSs) on the Euclidean coordinates of target’s position and velocity are
found. It is shown that the modified Fisher information matrix (MFIM) is
a combination of MFIM due to non-LoS (NLoS) components and LoS com-
ponent. With the aid of numerical examples, it is verified that by exploiting
LoS, the target radar cross section (RCS) increases, which improves the ac-
curacy of target’s detection and parameter estimation. In addition, it is also
shown that by using a LoS geometry, the performance limits of a waveform
can be determined for a generalized radar cross section model (GRCSM),
which provides the characterization of a waveform for a broader range of

radar applications.

xii



Chapter 1

Introduction

1.1 Passive Radar

Passive radar is a type of bistatic radar which do not use its own dedicated
transmitter to emit electromagnetic radiations. It utilizes the signals readily
available in the environment from other illuminator of opportunities such
as broadcast and telecommunication sources. In literature, passive radar is
also called as Passive Coherent Location (PCL) and Passive Bistatic Radar.
When more than one receiver or transmitter are used the passive radar is

known as passive multistatic radar.

1.2 History of Passive Radar

The idea of passive radar is not new. Infact, the very earliest radar were
bistatic and passive. The first passive radar ‘Klein Heidelberg’ was developed

by Germans in 1943 [1]. The receivers were deployed along the cost lines to
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use British Chain home radar as opportunity illuminators. However, with the
development of duplexers(7, /R, switches) and pulse waveforms it is possible
to transmit and receive the signal with the same antenna. Thus, making
the active radar design both cost saving and space saving [2,3]. But with
the emergence and rapid growth of wireless technologies from short range
802.11 to long range cellular,audio and video broadcast technologies result
in abundant availability of these RF signals in the environment. This trend
results in upsurge the interest of people both in academia and industry to
exploit the numerous advantages of passive radars by making use of these

technologies.

1.3 Advantages of Passive Radar

e The very first advantage is it eliminates the need of dedicated transmit-
ter hardware circuitry and allocation of dedicated RF band for signal
tranmission. Thus, cut down the cost corresponding to installation,

maintenace, operation and RF band allocation.

e No emission of RF energy from dedicated transmitter in passive radar
is invulnerable to cause RF pollution. Thus, making passive radar an

environment friendly technology.

e In passive radar usually phased array antennas are used which makes
it more reliable than conventional radar as no movement of mechanical

parts are required.

e When use in multistatic configuration, it provides the spatial and fre-
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quency diversity which serve to improve the accuracy of target detection

and estimation of its parameters.

e The same reason make it potential technology for stealth detection,
antijamming [4] and many other advantages briefly discussed in [5] and

explained in references therein.

1.4 Disadvantages of Passive Radar

e The passive radar has more complicated geometry, system complexity

and excessive computation.

e The transmitted signals are not designed for radar operation purposes

and are not in control.

e The technology is not mature enough.

1.5 Applications of Passive Radar

Passive Radars has potential applications in the following areas:

e Used in wi-see (through the wall sensing) a technology that will be

added in mobiles to see behind the walls [6].
e Used in Detection of Low Probability of Intercept (LPI) Radar signals.
e Also used in detection of Stealth Targets.

e It is also used in Low Cost Air Traffic Control (ATC) Systems.
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e Used in Law Enforcement such as Traffic Monitoring.

Used in Border Crossing/Intrusion Detection.

It can also be used in Local Metrological Monitoring.

In astronomy it can be used for Planetary Mapping.

It is used in synthetic aperture radar (SAR) imaging and its applica-

tions.

1.6 Bistatic Geometry

In this dissertation our focus is to determine the Modified Cramer Rao Lower
Bound (MCRLB) on target parameters ( position and velocity) by exploiting

UMTS signals. For this, it is important to understand the bistatic geometry

Figure 1.1: North referenced Bistatic Geometry.
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In bistatic geometry, the transmitter 7)., receiver R, and target P are
represented by vertices of a triangle known as bistatic triangle as shown in
the Fig. 1.1. The sides of this triangle R;, R, and L represent the range
from transmitter to target, the range from receiver to target and the baseline
between transmitter and receiver respectively. The angle 6 formed between
the transmitting path and echo path at the vertex representing target is
called bistatic angle. For bistatic geometry, this angel fp is between 20° <
fp < 145°. For monostaic geometry the angle 8 < 45° and for the forward
fence geometry the angel fp is between 145° < 65 < 180°. The angle 61
and fr are known as the look angle of transmitter and the look angle of
receiver respectively. These angles are in positive clockwise rotation from the
vector drawn perpendicular to the baseline with its head pointing towards
the target. This vector is also taken in north up direction in north-refrenced
coordinate system [7]. In bistatic geometry,the bistatic velocity wil be the
equivalent of radial velocity, which is the component of target velocity along

the bistatic angle bisector [8,9].

1.7 Literature Review

As discussed in passive radar, the transmitted signals are not designed for
radar operation purposes and are not in control. Therefore, to study and an-
alyze the feasibility of communication and broadcast waveforms for diverse
radar applications is utmost necessary. Hence, over the years different ex-
perimental and theoretical studies have been conducted using analog audio

signal FM [11-13, 27|, Digital Audio Broadcast (DAB) signals [15, 16, 28],
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Digital Video Broadcast (DVB) signals [17-19], Cellular telephone signals
like second generation (2G) global system for mobile communication (GSM)
signal [20-22], 3G UMTS signal [23-25] and 4G long term evolution (LTE)
signals [31-33], wireless fidelity (wifi) signal [6,34,35], worldwide interoper-
ability for microwave access (WIMAX) signal [36,37] and recently wireless
regional area network (WRAN) cognitive radio (IEEE 802.22) signal [26].

1.7.1 UMTS Signal and Related work

Universal Mobile Telecommunication System(UMTS) is a 3rd generation cel-
lular network (3G) standard in Europe that has been developed and main-
tained by 3rd Generation Partnership Project(3GPPP). UMTS [38,39] has
two operational modes i.e Frequency Division Duplexing(FDD) and Time Di-
vision Duplexing(TDD). In FDD mode, separate frequency bands are used
for uplink and downlink transmission. In TDD mode, same frequency band
is time shared between uplink and downlink transmission. FDD mode uses
paired spectrum bands in the range of 1885-2025 MHz for uplink stream and
2110-2200 MHZ for downlink stream. Whereas TDD mode uses unpaired
spectrum bands in the range of 1900-1920 MHZ for uplink transmission and
2010-2025 MHz for downlink transmission. The bandwidth of UMTS signal is
S5MHZ. UMTS uses Wide-band Code Division Multiple Access(W-CDMA) as
its air interface with 3.84Mchips/sec chip rate. The Quadrature Phase Shift
Keying(QPSK) is used as modulation scheme. The root raised cosine(RRC)
filter with roll-off factor of 0.22 is used for pulse shaping. The purpose of

UMTS is the provision of high data rate with high spectrum efficiency, sup-
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port of asymmetric traffic and packet switched transmission efficiently and
effectively [39]. However, UMTS downlink transmitted signal has properties
that make it potential illuminator of opportunity. Because of higher band-
width it has relatively higher range resolution than other signals like GSM,
FM and DAB. The usage of orthogonal codes(synchronization, channeliza-
tion,uplink and downlink scrambling codes) provides a desirable characteris-
tic of low side lobes of ambiguity function(AF). The use of frequency bands
from 2110-2170 MHZ makes an easy and effective use of directive antennas.
Furthermore, the vast coverage of UMTS on the international territory makes

the use of multistatic geometry expedient.

Over the recent years both theoretical and experimental studies have
been done for UMTS waveform. In [23,25], the experimental work has been
done to analyze characteristic of UMTS signal using ambiguity function.
In [40] comparative study has been conducted in the field to inspect perfor-
mance of GSM and UMTS signal in presence of clutter. The Cramer-Rao
Lower Bound(CRLB) is universally used to find the lower bound on local
estimation accuracy of any unbiased estimator. UMTS signals have been
further investigated theoretically using AF and CRLB. In [9] the AF and
Modified-CRLB(MCRLB) has been derived for target range and velocity by
considering both monostatic geometry and bistatic geometry. In this work
global resolution is sifted with regard to the mainlobe width and sidelobes.
This study is further extended to multistatic configuration in [24] for AF and
in [41] for MCRLB. In these work analytical expressions have been derived

for AF and MCRLB on target range and velocity in both non-coherent pro-
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cessing and coherent processing mode by incorporating another study of [42]

on MIMO radar.

1.8 Problem formulation and its significance

In this dissertation, we derive the closed-form expressions of the MCRLBs
on the target parameters (position and velocity) when receivers in multi-
static configuration exploit the line-of-sight component from the target with
underlying UMTS signal. For practical situations, we make use of a three di-
mensional (3D) Euclidean geometry and provide the estimation error bounds
for the 3D Euclidean components of the target’s position and velocity. From
a theoretical point of view, the geometry plays a significant role in improving
the performance of estimation whose information is embedded in the Jaco-
bian of the parameters transformation. On the other hand, the relatively
smaller values of the MFIM on the parameters of Doppler and delay can give
rise to an ill-conditioned matrix. Therefore it is necessary to theoretically
prove the existence of a consistent inverse which we establish by showing the
positive-definiteness of the total MFIM over all transceiver pairs. Besides,

the main motivation of this study is two-folds, which is given below.

Firstly, although the UMTS signal offers many advantages as an illumi-
nator of opportunity for passive radar, it also has a key drawback of trans-
mitting low power from the base transceiver station (BTS). The problem
gets worse in case of a UMTS signal as the effective isotropic radiated power

is much lower than other signals like GSM, DAB and DVB [5]. An obvious



CHAPTER 1. INTRODUCTION 9

reason is that the UMTS is based on CDMA in which the users transmit
their data simultaneously, therefore, to avoid the so-called near-far effect
and to achieve power efficiency, the BTS transmits at lowest possible power
level [39]. This results in potentially decreasing the signal-to-noise ratio
(SNR) required for accurate detection of the target and the estimation of
the required parameters at the radar receiver. The further reduction in SNR
occurs due to low target RCS values because of non-LoS link between the
target and the receiver.

Since the only parameter that can be controlled in radar design is radar cross
section (RCS) [48] which varies with variation in receiver position. Although,
the transmit power cannot be increased to achieve required SNR, the desired
SNR level can be approached by the selection of a suitable geometry for the
radar receiver where the dominant or fixed amplitude (LoS) scatterer com-
ponent coexist with weak (NLoS) scatterer (reflections, echoes) components.
The reception of LoS component increases the SNR due to increase in the
target RCS values, which results in better accuracy of target’s detection and
parameter estimation. Further improvement can come by setting the antenna
orientation in such away that whole trajectory of target comes in main lobe,
direct signal comes in back lobe for its complete attenuation and clutter filter
removes all zero doppler echoes this will reduce the interference noise. These
tasks are explained in [43-45]. Thus, a suitable solution to the problem of
low transmit power is analyzed and lower bounds of MCRLBs are given on

the performance improvement.

Secondly, the modeling of target behavior is cumbersome as almost all
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targets including simple scatterer to a complex one have variations in RCS
because of the variation in aspect angle, frequency and polarization [46].
Moreover, for different applications, the target RCS has different character-
istics. Therefore, it is of prime importance to test the performance of a
waveform for a broader range of target RCS models. For instance, it is well
known that the vast theory of detection and estimation for radar is devel-
oped based on the results obtained by the exploitation of famous Swerling
models of target RCS fluctuations [46-48], which include Swerling 0 — V
models. Swerling 0 & V have fixed amplitude RCS values whereas Swerling
I & II have pure Rayleigh RCS fluctuations from scan-to-scan and pulse-
to-pulse, respectively. Swerling 11 & IV have fluctuations of one large
fixed amplitude scatterer and many small scatterers from scan-to-scan and
pulse-to-pulse. Airplanes and ships are practical examples of Swerling I /11
and Swerling I11/1V | respectively. Similarly, Swerling I & [III are known
for tracking radars and Swerling I1 & IV are famous to search radar appli-
cations. Therefore, to cover this broader range of target RCS models, either
Nakagami or Rician distribution is used. In this work, we use the Rician tar-
get model because it provides more insightful depiction of target models [49].
Thus, along with addressing the problem of low transmit power, this study
also provides a framework to evaluate the performance limits of a waveform

for a broader range of target models, which are known as generalized RCS

models (GRCSMs) [49].
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1.9 Contributions

Based on analysis of problems and its solutions in the above section, we

summarized our contributions as follows:
e Derivation of PDF for target in a LoS environment.

e Derivation of closed-form expressions of MCRLBS on Euclidean com-

ponents of position and velocity of the target.
e Proof is given that MCRLB matrix is positive-definite.

e Two theorems have been developed to directly determine the MCRLBs

on position and velocity of the target lying in LoS environment.

e Analytical framework to evaluate a waveform performance for different

target models appears in different radar applications.

e Soltuion to a basic problem of ill-conditioning of inverse matrix in radar

applications.

1.10 Thesis Organization

The remaining dissertation is structured as follows. Signal model is presented
in Chapter II. MCRLBs expressions for target position and velocity are com-
puted in Chapter III and their numerical evaluations are given in Chapter

IV, respectively. Finally, Chapter V concludes the dissertation.



Chapter 2

Signal Model

Consider a multistatic passive radar configuration in a 3D Euclidean space
consisting of My transmitters, My receivers and a single target. Suppose the
transmitters and the receivers are located at positions T; = (t,,,t,,,t.,) and
R; = (r4,,7y,,72,), Where i = [1,2,...., M| and j = [1,2,..., Mg], respec-
tively. Let the target’s position is denoted as T, = (p.,py, p.), Whereas its
velocity is given by T, = (v,, vy, v,), where we use the symbol T to represent
the target and the subscripts p and v distinguish its position and velocity,
respectively. The vector of parameters of interest is © = [p,, Py, Dz, Vs, Uy, V2]

The signal transmitted by the i** transmitter is given as

N—
u; () Z Cingi (t —nT), (2.1)

1
\/_
where ¢;,, denotes the n** transmitted QPSK symbol, N is the total number

of symbols in a waveform, and 7' is the symbol time. For independent and

12
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non-identically distributed symbols we have

. 1, n==k
E(cin)E(cir), n#k,
whereas for independent and identical distributed (IID) symbols we will have

E(¢in) = E(cix) = 0. These symbols are modulated with delayed root-raised

cosine (RRC) pulses given as

where h;(t) is defined as

—(l—a+1),t=0

(e)m(e)s (1-2)em(e)] -2t

sin((mt/T)(1—a))+(4at/T) cos((nt/T)(1+a)) 7 otherwise.

3

6]

hit) =4 VAT

at/VT | | 1—((4at/T))?

where h;(t) is plotted in Fig. 2.1 for different values of «
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-0.4
5

Normalized time (t/T)

Figure 2.1: Impulse response of an RRC pulse for different values of a.

In (2.4) « is the roll-off (excess bandwidth) factor where 0 < o < 1. In

(2.3), the delay D is defined such that

D/2

/ h2(t)dt = 1. (2.5)

—D/2

The fourier transform of the RRC pulse h(t) is given by H(f) such that
H(f) = JO(f) (2.
where C(f) is

1—

1+cos("g(|f|—12_j9))], Lo < o (2.7)

0, elswhere

Clf)=14%
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the inverse fourier transform(IFT) of C(f) is

t

c@):fFT«xﬁ):sww(T)“”$“”1—(zm/ﬁf (2.8)

Since, the RRC pulse is an orthogonal pulse under T-shifts [50], therefore,

Ofogi(t—nT)gi(t—kT)zo, n#k
- (2.9)

J gt —nT)gi(t—kT)= | R*(t)dt, n=F.

By using the Parseval’s theorem, it can easily be verified that
/W@ﬁ:/WUW:/Cmﬁ:L (2.10)

Assume that due to widely spaced antennas, each transmitter-receiver pair
has its own aspect angle (angle of view) for the target and thus each of
them has its own attenuation factor. Furthermore, assume that signals from
different transmitters can be separated at each receiver in some orthogonal
domain, for example, in frequency domain due to different spectrums as
per [41]. Then by using the Rician target model, the signal from the i

transmitter arriving at the j™ receiver in the presence of noise is given as
Yij (t) = Bwuz (t — Tij)€_j2ﬂfDij (t=ij) + Wy 4 (t), (211)

where 3;; is the attenuation (reflection) coefficient. For Rician target, this
is composed of a fixed amplitude scatterer and many independent isotropic

scatterers and is modeled as a complex Gaussian random variable with mean
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m;; and variance o2, i.e., B;; ~ CN(m;j,0?). The w;;(t) is the additive
white Gaussian noise (AWGN) with zero mean and variance o2 i.e., w;; ~
CN(0,02). The reflection coefficient (;; and noise w;;(t) are independent of
each other. The parameters m;;, 02 and o2 are assumed to be deterministic
and known. The delay 7;; and doppler shift fp,; associated with 7 — 5t path

are defined as

T, T R,T
ij = To R (2.12)
c
(TPRj) -T, (TpTi> - T,
fp, = , (2.13)
/\|Rij| )‘|TiTp|

where )\ is the carrier wavelength, ¢ is the speed of light, |T;T,| is the Eu-
clidean distance from the " transmitter to the target and |R;T,| is the
Euclidean distance from the target to the j receiver, respectively. The

|'T;T,| and |R;T,| are given as

ITT,|= /(e — ta)? + (py — t,)? + (02 — £2,)2, (2.14)

IRy Tyl= /(e — 10))2 + (g — 74,)% + (P2 — 7))2. (2.15)

Following the concepts in [51], the likelihood of a single transmitter-receiver
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pair is derived, the logarithm of which is given by

log A(yi;(t)|e) =

2
o (D)t — 7iy)e P s ) gy |
o2 + o2 Yig (L) Uy Tij)€

| 2

* —j2nfp.. (t—7i;
o+ o2 / My, ui(t — 7ij)e 32 Ioi; (=mis) g 4
—i12nfp.. (t—7i;

02 —1—02 / Yis (t Ul (t — 7)™ T (=) i
/ My, i (t — 733)e 2™ P T g | I € (2.16)

72mfp;;(t=7ii) ig the mean of the received signal

where my, . = mju;(t — 7;)e
y;;(t), N(.) is the real part, |.| is the absolute operator and (.)* is the con-
jugation operator. The joint likelihood over MrMp transceiver pair is the

product of all single transceiver pair likelihoods, i.e.,

Mr Mg

=TI/ (wi®)le). (2.17)

i=17=1

Therefore, the joint log likelihood is the sum of individual log likelihoods and

is given by
Mp Mg

log A (y =" log A (y5(t)|c). (2.18)

i=1j5=1



Chapter 3

Derivation of MCRLB

The Cramer-Rao Lower Bound (CRLB) is universally used to find the lower
bound on the local estimation accuracy of any unbiased estimator. In the
classical CRLB, the expectation is taken on the joint probability distribution
function (PDF) of the received signal and the parameter vector. Whereas,
in modified CRLB (MCRLB) the conditional PDF of the received signal
conditioned on transmitted symbols is used. Because of the randomness
of the transmitted symbols the classical CRLB is not feasible in our study
[9]. The situations in which classical CRLB is not feasible, the MCLRB
is considered as a good alternative and is easier to calculate [9,52]. The
relationship between CRLB and MCRLB is discussed in [52-54] and it is
shown that MCRLB is a looser bound than the CRLB. Since, it is easier to
work with the derivatives of 7 and fp, therefore, we first find the modified

Fisher information matrix (MFIM) for parameter vector ® = [7;;, fp,;] V 4, j.

18
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To do so, we first write the expression in (2.16) in a simplified form as

Mrp Mg

log A(y; @|c) = > > (I — i + ) + InC, (3.1)

=1 j=1

where I';;, I1;; and ¥;; are the first, second and third terms in (2.16), respec-
tively. For a single transceiver pair, the MFIM F};(®), is calculated using

the expectation
Fii(®) = —Epy: ) (Vq> [V log Aly; <I>|C)]> , (3.2)

where Vg, is the first-order linear derivative and E[.] denotes the expectation
operator. Due to linearity of second-order derivatives, it immediately follows
that total MFIM is the sum of individual MFIMs which is shown in the
following proposition.

Proposition 1. Let F'.. F and F>, denote the MFIMs corresponding

1) 17 177

to the terms I';;, 11;; and X

i respectively then the total MFIM FY(®) over

R
all transceiver pairs in a LoS environment is a linear combination of the

components contributing from both LoS and NLoS and is given by

=3 S P @)= 3> (@) +FI@) +FI@). 69

Proof. Due to linearity, the derivatives of each term in Eq. (3.1) can be

calculated separately. Thus, the required MFIM F¥(®), can be expressed as
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a linear combination of the three terms as

FY(®) = — Ey. 9/ (V@[Vq> log A(y; ‘I’|C)]>a

My Mg
=~ Epy; o] (V¢V¢<Z > (T — 1 + ) )) :

i=1j=1

My Mg
= —Eyag | 22 | VeVali; — VaVall;,

i=1j=

—_

+VaValy ) : (3.4)

which are the corresponding MFIMs over all the terms I';;, IT;; and X;;, re-
spectively, which completes the proof of Proposition 1. We now calculate
the MFIM corresponding to the terms I';;, ¥;; and 1I;;, from the original
likelihood function by evaluating all the second-order derivatives followed up
by their expectations. It turns out that the MFIM contribution from the
term I';; is the sum of the contribution of two terms, i.e., FZ(;VLOS) and FZ(jLOS) ,
where the term FZ(-;VLOS) contribute to MFIM due to NLoS component and
[(LoS)

i contribute to MFIM due to LoS component, respectively. The terms
>;; and II;; only contribute to MFIM due to LoS components. The MFIMs
due to the terms FEJ-LOS), ¥ij, and II;; are the scalar multiples of the MFIM
due to FEJNLOS) which is shown in the following theorem.

Theorem 1. The total MFIM FY(®);; obtained by the received signal over
a single transceiver pair in the presence of LoS is a linear combination of

the four terms, i.e., FY NLoS)(®).. which is MFIM due to NLoS component
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and the terms F¥'(®);;, FZ(®);;, and FY(®);; which are MFIMs due to LoS
component, such that MFIMs due to later three terms are the scalar multiples

of the first term given as

FLNEoS) (g _ 87 (TN Los)”
” 1+ TNros
ﬁ <7r2 + 3a?(m? — 8)> 0 35)
0 47;;<3+401(N2 _ 1))
LoS NLoS
FL (@) = 26, F V0 (@), (3.6)
DKy )
Fl(®) = ——LF ") (@), (3.7)
J TNLOS J
4 1] 19}
FE(®) = L FLN(@). (3.8)
J TNLOS J

Proof. The proof is given in Appendix 1.

Therefore, it is clear from Theorem 1 that the first term is contribution
due to NLoS components and other three terms are the contributions from the
LoS component. The entries of MFIM F};(®), are derived in the Appendix
1. Now the MFIM J;;(®), on the desired parameters of interest, i.e., target’s
position and velocity © = [p,, py, Dz, Vs, Uy, V2], can be obtained easily with
an application of chain rule. It is easy to see that the chain rule implies the
existence of the Jacobian from the space ® € R?, to a six-dimensional space

© € RS, or equivalently

F,y(©) = (g)wj@ (2’2) . (39)

Here (8‘1’> € R%*? is the Jacobian matrix and its entries are calculated by
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taking the derivatives of the delay term in (2.12) and the Doppler term in
(2.13) as follows

— , 3.10
op. ~c| ITE,l T RS, (8:10)
Oty 1| py—t,,  py—Ty
== o o |, (3.11)
Ipy c| |TiT,| IR, T,|

aTij 1 b — tz- Pz — Tz
Y R i . 3.12
op. —c| o) T RT, (3.12)

)\afDij o Vg Vg
o) |Rij| ’TiTp’
_ (pe — Tl’j)((r-z’j — Pa)Uz + (Tyj — py)Uy + (Tz]- — P2)Vz)
IR, T[?
_ (pe = to,) (te; = Po)ve + (ty, — py)vy + (t2, — p2)v2) (3.13)
|TiTp|3 7 .
)\afDij Yy
Opy IR;Ty|  [TiT,|
_ (py - Tyj)((rxj — Pa)Vs + (Tyj - py)vy + (sz- —P2)vs)
|Rij|3

(py — tyz)((trz —px)Um + (tyi - py)vy + (tzi — pz)Uz> (3 14)
|TiTp|3 ’ .
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)\afDij - Vy Uy
Ip- IR T, |TT|
B (P = 72))((ra; — pa)vs + (1, — Py)vy + (12 — P2)v2)
IR, T, [*
_ (P> — t2) ((tes — Po)va + (ty, — py)vy + (L — p2)vs) . (3.15)
|TiTp|3
Similarly the first-order derivatives with respect to velocities are
ofp.. t. — v — Da
AUy _ta—Pe  To =P (3.16)
vy |'TT,| IR, T,|
)\afDij _ tyi — Dy Tyj — Dy : (317)
vy T Tyl IR, T,|
PO LTt N (3.18)

v, B |TiTp| |Rij| .

The closed-form expression of the MFIM in (3.9) is given in Appendix 2.
Thus, the final expression for total MFIM over all transceiver pairs after all

the calculations becomes

87 (T NLos)
F(O)= — "=/
( ) 1 + TNLOS
My Mg
Z Z Fij(©)(Tnros + 2(TNLos)kij + 2Ki5). (3.19)
i=1j=1

where the parameter r;; = |m;;|?/20?, expresses the ratio of the power in LoS
scatterer to the power in NLoS scatterers. For Rician target or in the presence
of LoS environment, the total target SNR (Y1) for a single transceiver pair
at the receiver will be the sum of the SNR from weak reflections or the

NLoS components (Y yr.s) and SNR from the dominant reflection or LoS
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component (Yr,s,,), i.e.,
T, = TNnros + Tros,;- (3.20)

where Y yros = 0%/07 and Tpeg,, = |my;|*/207. We also develop a relation-
ship between r;; to another parameter, introduced here as ;;, and defined
in [49] as kj; = Tpes,; /T, Thus, after some algebraic manipulation it turns

out that

' Kij
=Y 3.21
K,Z] 1 + K/ij’ ( )

where 0 < n;j < 1, is used for the categorization of the target RCS mod-
els. For instance, the Swerling-1/11 models, Swerling-111/1V models and
Swerling-0/V" model corresponds to the value of n;j = 0,0.75 and 1, respec-
tively. This leads to the evaluation of the feasibility of a waveform for a
broader range of radar applications in a unified framework. Also as in [41]
where MCRLB is calculated for non-coherent and coherent modes separately,
the specialized cases corresponding to m;j = 0 and 1, respectively attribute to
the same phenomena. From Eq. (3.19), it is obvious that MFIM depends on
a number of factors. On one hand, it is strongly dependant on the geometry,
which incorporates the positions of the transmitters, receivers and target in
a Euclidean space. On the other hand, it also depends on the properties
of the waveform such as RRC roll-off factor, number of symbols and symbol

time. Moreover, it also shows strong dependence on the target RCS and SNR.

Computational Remarks. It is important to mention that while ob-

taining the MCRLB on the parameters of interest, it is desired to take the



CHAPTER 3. DERIVATION OF MCRLB 25

inverse of MFIM which at times becomes a hard task if the resulting MFIM
is an ill-conditioned matrix. The situation of an ill-conditioned matrix arises
mainly because the first-order derivatives of both Doppler and delay primarily
contains the term 1/) and 1/c, which are of the orders of ~ 107 and ~ 1078,
respectively. Since the required MFIM (see Appendix 2) depends quadrat-
ically on the first-order derivatives, therefore, the matrix F;;(®), contains
some off-diagonal entries of the order of ~ 1072° resulting severe floating
point and truncation errors in advanced computer algebra systems (MAT-
LAB OR MATHEMATICA). In the favorable circumstances, if a matrix is
well-behaved then the condition number is of order one. It turns out that
the condition number of the matrix F;;(©), in such cases is of the order 10?2,
which is quite large. In the aforementioned situation, we have to use one of
the many available algorithms to find the inverse of an ill-conditioned matrix
in a consistent manner in a computer algebra system. To obtain the required
MCRLB over target parameters it is necessary to prove the existence of a

consistent inverse of total MFIM F(®), summed over all transceiver pairs.

Since the matrix F(®), is a 6 x 6 symmetric matrix and plays a signif-
icant role in calculating the desired MCRLB, therefore, it is important to
investigate its characteristics in terms of eigen values, Cholesky decomposi-
tion and positive-definiteness. The following theorem confirms the positive-
definiteness of the total MFIM over all transceiver pairs which we prove using

standard results from linear algebra [55].

Theorem 2. The total MFIM F(®) for all transceiver pairs is a positive-
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~ 2 ~ ~
SR Twios) Zf] "{iijijvvz 2i Hij]im]'?gxfmj-’vy Zz‘,jjfijfingn fpij .
= Y "iiijij,vszz‘j’vy i Kiijij v 2 ’iiijij,uy fDij,vz g
1+ TwNros ) s o _ io
Yig Rijfig o, f0ij . Xijkiifoi, foij,, > KijfDij
(3.23)

definite matriz with all of its eigenvalues real and positive.
Proof. As the matrix F(® ) is symmetric, therefore, all of its eigenvalues
are real. We need to show that it does not contain a negative eigenvalue.
In order to do that, we prove the Schur complement condition for positive
definiteness. We first write the MFIM in a block matrix form

Q' Q2

F(O©) = , (3.22)

o o
where each ',V i = {1,2,3}, is a 3 x 3 symmetric matrix. Therefore, by
Schur’s Lemma, the MFIM is positive-definite (F(®) > 0 ) if and only if the
matrix €22 = 0 and the Schur complement Q' — Q27 Q37'Q2 = 0, are both
positive-definite. We establish the positive definiteness of 23 in the following
lemma.
Lemma 1. The symmetric matriz Q3 is a positive definite matriz.
Proof. Using the results in Appendix 2, the explicit form of 2 is given in Eq.
(3.23) at the top of subsequent column where &;; = Y nros + 2(T Nros)kij +
2r;; and the factor F*, is the second diagonal term in Eq. (3.5). We now
use the Gershgorin circle theorem, which states that every eigenvalue of a
square matrix lies within at least one of the Gershgorin discs D(Q2, R;),

where Q3 are the diagonal entries and R; = 3=, ,;|2%|, are the radii of discs.
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From the above equation, it is clear that €3 > 0, for all i. Moreover all
leading principal minors of the above matrix have positive determinants, i.e.,
>ij Rij Ib; i >0, and by a simple procedure of mathematical induction the

following inequality holds

2
Z /%ijf%ij,vw Z g:ijf%ijmy > (Z /%iijij,vszij,vy) 9 (324)
.3 1,J

1]
which is true over the sum of all transceiver pairs thus the eigenvalues of
above matrix are all positive thereby proving Lemma 1. We now establishes
the positive definiteness of the Schur complement in the subsequent lemma.
Lemma 2. The Schur complement QY — Q27Q37'Q2 is a positive definite
matrix.
Proof. The proof of the above lemma is given in Appendix 3. This completes

the proof of Theorem 2 and provide us theoretical basis for the existence of

the inverse of F(@).



Chapter 4

Numerical Results

For numerical demonstration, we assume five transmitters and an equal num-
ber of receivers, i.e., My = 5 and Mr = 5. The Euclidean coordinates of their

positions (in K'm) are given in Table I. For a brief discussion, we consider two

Table 4.1: Transmitters and Receivers positions (Km)

Ti Rj
[2,2.5,04] | [3.5,0.5,0.5]
[2,2.75,0.4] | [5,0.5,0.5]

2,3, 1] 05,4, 1.1]
[25,2,1] | [1.5,1.5,1.1]
[2.5,2.25,1] | [4.5,4.1,1.1]

scenarios in a 3D geometry where the first scenario is visualized in Fig. 4.1.
For the simulation parameters, we choose the observation time N7 = 0.1
sec, f. = 2100 MHz as in [9] and for a UMTS signal T = 0.26 usec and
a = 0.22. In first scenario, the effects of the variations in LoS contribution
on the estimation accuracy is studied by varying x. Here xk = k;;, is assumed

to be the same for all transceiver pairs without loss of generality. In this

28
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case, the target is assumed to be located at the position [3.4,2.5,3.7] Km
with velocity [30, 20, 25] m/sec. The square roots of MCRLB (RMCRLBs)
are plotted against Y n.5 for components of target position in Fig. 4.2-4.4,

and for components of its velocity in Fig. 4.5-4.7, respectively.
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Figure 4.1: Simulated multistatic 3D scenarios 1 and 2 with positions of
transmitters T, receivers R; and target T.
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Figure 4.2: RMCRLB variation with x for x-component of target position
3.4,2.5,3.7] (Km).
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Figure 4.3: RMCRLB variation with x for y-component of target position
[3.4,2.5,3.7] (Km).
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[
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Figure 4.4: RMCRLB variation with x for z-component of target position
3.4,2.5,3.7] (Km).

It is evident from the Figs. 4.2-4.7 that as the value of k increases, the
estimation errors decrease for Euclidean components of target position and

velocity. This is because an increase in x provides a rise in target RCS, which
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eventually increases the SNR at the receiver. Consequently, the RMCRLB
will achieve a minimum value at an asymptotic limit, i.e., K — oo, where the
target has a fixed amplitude RCS for all transceiver pairs and thus the best
estimation accuracy will be achieved. On the contrary, the RMCRLB will
be maximum when LoS does not exist at all, i.e., Kk =& —o0, and target RCS
follows a Rayleigh model for all transceiver pairs. For the rest of intermediate

cases, the performance lies in between these two limits.

1.4
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—k—V, (k=1)

=
)
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vy (k=10)
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o o
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T T

0.4r

0.2 k1

Figure 4.5: RMCRLB variation with x for x-component of target velocity
(30, 20, 25] (m/sec).
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Figure 4.6: RMCRLB variation with x for y-component of target velocity
[30, 20, 25] (m/sec).
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Figure 4.7 RMCRLB variation with s for z-component of target velocity
(30, 20, 25] (m/sec).
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Figure 4.8: Transceiver pairs with and without LoS component.

From a practical point of view, the LoS may exist only for a subset of
transceiver pairs. We depict this scenario for various subgroups of transceiver
pairs. The existence and absence of LoS among various transceiver pairs is
shown in Fig. 4.8, where the filled boxes show the existence of LoS and empty
boxes shows its absence. We change the position of the target to [3.5,4.5,2.1]
Km and its velocity to [35,45, 15] m/sec to study the effects of geometry as
well.

We consider a fixed Swerling-111/1V target model by choosing x = 3. In
Figs. 4.11 & 4.14, the RMCRLBs are plotted against Y .5 for NLoS case
and the cases shown in Fig. 4.8. We see that as the number of transceiver
pairs with LoS increases, the RMCRLB decreases. For example, the RM-
CRLB for v, at -4 dB in Fig. 4.14 is 0.5266 m/sec, 0.4347 m/sec, 0.2284
m/sec, and 0.1536 m/sec for NLoS , Fig. 4.8 (a) case, Fig. 4.8 (b) case and
Fig. 4.8 (c) case, respectively. Also we see that the choice of transceiver pair

also have significant effect on the estimation accuracy.
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Figure 4.9: RMCRLB vs Tpyros for x-component of target position
[3.5,4.5,2.1] (K'm) with various transceiver pairs selection for LoS.
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Figure 4.10: RMCRLB vs Yyp.s for y-component of target position
[3.5,4.5,2.1] (K'm) with various transceiver pairs selection for LoS.
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Figure 4.11: RMCRLB vs YTpyros for z-component of target position
[3.5,4.5,2.1] (K'm) with various transceiver pairs selection for LoS.

For instance, in Fig. 4.9, for the same number of transceiver pairs, the
Fig. 4.8 (c) provides a lower RMCLRB value of 6.586 m than Fig. 4.8 (b)
having RMCRLB value of 11.74 m for p, component. This effect is attributed
to the multistatic geometry. Furthermore, in Fig. 4.2 and 4.4, the RMCRLB
at -4 dB is 40.32 m for p,, and 15.45 m for p.. As the geometry changes
by changing the target position and velocity, these values are changed and
become 27.7 m for p,, and 52.35 m for p, in Fig. 4.9 and 4.11. Also from
Fig. 4.2 & 4.4, p. has lower error values than p,, however, it has higher error

values in Fig. 4.11 than p, in Fig. 4.9 due to geometry.
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Figure 4.12: RMCRLB vs YTyros for x-component of target velocity
[35,45,15] (m/sec) with various transceiver pairs selection for LoS.
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Figure 4.13: RMCRLB vs YTpyr.s for y-component of target velocity
[35,45,15] (m/sec) with various transceiver pairs selection for LoS.
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Figure 4.14: RMCRLB vs Tpyp,s for z-component of target velocity
[35,45,15] (m/sec) with various transceiver pairs selection for LoS.

In Fig. 4.15, the RMCRLBSs for position coordinates are plotted against
the observation time (NT') at 0 dB for a Rayleigh target (x = 0). It can be
seen that the RMCRLB decreases with an increase in NT. This indicates that
a waveform with a larger data set will provide better performance. However,
the obvious disadvantage is that increasing N'T" will increase the data pro-
cessing requirement. Moreover, the variation in RMCRLB is not as sensitive

as it is to the geometry, SNR and target RCS.



CHAPTER 4. NUMERICAL RESULTS 38

26
pX
24+ ——P,
P
22+ z
20t
E
< 18f
['4
x ]
O
=
['4
8 ; ; ; ; ; ;
0.1 0.2 0.3 0.4 05 0.6 0.7 0.8

Observation time (NT) (in sec)

Figure 4.15: RMCRLB vs observation time for target position [3.5,4.5,2.1]
(Km).



Chapter 5

Concluding Remarks

In this dissertation, we have analyzed the performance of a UMTS-based pas-
sive multistatic radar in a LoS environment. The signal model and PDF of
the received data have been derived. The closed-form expressions of MCRLBs
for the position and velocity have been derived in a 3D Euclidean geometry.
It is found that the cumulative MFIM comprises of components due to a fixed
amplitude scatterer which is a LoS contribution and weak amplitude scatter-
ers which is the contribution from NLoS component for each transceiver pair.
The MFIM depends on waveform properties, SNR, type of target RCS and
geometry. With the aid of numerical examples it is shown that estimation
accuracy increases with an increase in LoS factor, number of transceiver pairs
and/or the choice of the transceiver pairs and observation time. However,
it is more sensitive to the LoS factor and/or choice of the transceiver pairs
which are strongly linked with the geometry. It shows that by incorporating
LoS the waveform can be characterized for GRCSM which includes a broader

range of target RCS models appear in different radar applications.

39
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In future, we will use this framework to analyze the performance limits
of other illuminators of opportunities like LTE and cognitive radios (IEEE
802.22), etc. Also, we use this work as a case study to develop mathematical
relations which can be used to obtain an optimal geometry for increasing the

estimation accuracy with arbitrary waveforms and large number of targets.
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Appendix A

Proof of Theorem 1

Proof of Theorem 1.

From Eq. 2.16, we have

2
o2

=

7 02402

Suppose 7i; = [ i (t)us(t — 7i;)e 2P gt then from the above ex-

pression we determine the first derivative

ol o? Mij + 8’)2

B} 2 2 By )
0T o2+ 0% \ 07y 0T

The final expression after calculating all the derivatives of 7;; and its conju-

gate, we obtain

N 2 7 o
oy _ 20 )8% (%‘j / i (t) Ot jamfo (t_T”)dt) : (A.2)

o7 o2(02 + o2 0Ty
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From here onwards we omit the argument of u;(t — 7;;), to reduce space. The

second derivative with respect to 7;; is

o] . - a o,
= Ni /yz‘j(t)ui(t—ﬂ‘j)e 327 fp, (t— TZJ /ij Us; ]27rfD (t T”)dt

a % U T a * Ly T
—jQWfD/sz f e/ () gy +/yw f e/ (=) g
i ij

8’&1 —Jjem U 7r T
/y,] — eIy (= ”)dt—i-Qjﬂ'fD/y,] Y (t — 755)e 7 Ty =mid) qeay | 8

ij

which after some simplifications becomes,

0°T'y; =32, (b a Ui jomfp, (i~
iy _ i 7Dy (T dt/ i LeI2mIpy (7T gy
o} 2(a2 + 02) / il ! ilt 07% J i
7 * 0 1 _j2m —Tij Vi a*z —j2r —Tij
/yzj(t)au €72 Ipi (=T gy / yz‘j(t)au e PIeulTTdt g (A.3)
. Tij e Tij

Now we take the expectation value while replacing the received signal from

v;;(t) and using E[|3;;]?] = 0% + mZ;, we arrive at the following equation

Z_]’

o

0T —20%(0* + my;) 8u 82u
—E = JTELR L dt|? / ; dt/ 7 “d
or2 (U% + 0_2) | a Tij | +_OO |U | Ui—F

)

—00

(A4)
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Now the derivative of u;, is an odd function therefore the integrand of the
first integral is an odd function, which makes it zero. On the other hand, the

second term can simplified into

*82% 1 1A= OO* D 52hi(t—ﬂj—”T—§)
et = 2 s [ (1= =47 = 5) o7 "

where we have used the normalization condition [*_|u;|?dt = 1. By using

the expectation condition in Eq. (2.2) and Eq. (2.9) we obtain

82Fz] _ —20 (U +m / h th ()
ot (02 4+ 02) ot?

ij

—-E dt .

The term in the bracket is already evaluated in [9], hence we get

Ty | _ 20%(0% + |myl?) 2
= 3 —8) ).
ot 31202 (02 + 02) (W 3o )>

v

—-E

Finally, we write the above expression in terms of the SNR

T, 2(TNros)* (1 + 2645) [ 4 2/ 2
= — A.
ot 3T%(1 + T Nros) <7T +3o(m 8))’ (A.5)

)

—-E

using r;; = |my;|/20% and Tnros = 0/02. To compute the expectation with

respect to other second-order derivatives, we follow the same procedure and
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arrive at the following closed-form expression

82Fij . ’/T2T2(TNL05>2(1 + 2/’%]’)

—E =
of3., 6a (1 + Tnros)

(3 LAa(N?—1)).  (A6)

The off-diagonal terms turn out to be zero in agreement with the calculations
in [9], i.e.,

073 fp,;

~0. (A7)

Following the same lines, we obtain the expectation of second-order deriva-
tives of II;; terms. By using Eq. (2.16), the first-derivative of II;;, is given
by

o1l 2 ¥ T .0
Y — R /m At — 7y e Iy () gy / DU gi2nfoy (i) gy
ory (o) | S Tl J ", |

(A.8)

Now we take double derivates of II;; w.rt 7,

o0 . o0 .
let A= | My, Jz<t _ Tij)e*J%rfDij (t*ﬂ‘j)dt and B= | m;j%eﬂwfpij (tfﬂ‘j)dt
—00 —00 *

&°11,, > OB 9A
= A B
o (on +0?) " om; " Com | [
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where we calculate the main term in parts as follows

o1y 2 O jorgn, mig) gy _ [ QUi jorpy (i,
ors - (02 +02) R’ A / My 87%6 o ’ dt_]Qﬂ-fDij_/ myma z;e Pij Dt +

v

auz I Ti —j27 s
/ my”a ZJ .72 fD t ij dt+j27TfD” / my”uz t 7—1])6 ]2 fDij(t Zj)dt

O°1L,; —jorfp, (t—7ij) T . %u o
= m Uz — Tyy)e TPt / my, ——at? 2Dy i) gy
37-% (02 4 02 / Yij J) } Yij 87’1-2]-

m* 8u7’ ]27rfD t ng)dt m auZ _]27rfD (t ng)dt
Yij a Yij a
z] 1]

this second derivative after taking the expectation takes the form

821_[1] —2 —j2rf (t Tij) T * 8 Ui j2nf (t Ti
o | T e /myl we R _/ Mgz Pt
7 * auz 27 f (t Tij) T aul —j2nf (t Tij)

/ - 5 o127 I i)t / my”ain]e J27fp, 3 dt . (A.9)

Now after substituting the value of my, , ie., (my,, = mu; 2y (t=mig)y

and using the fact that the integral of an odd function is zero, it is easy to

see that the second term in the above equation is zero while the first term
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reduces to

211, —2|my;|? T 0
—-E Yo = Y ESR ———dt A.10
T (02 + 02) s ! oty 7 ( )
which finally gives
821_[" Z(TNL S)/ﬁ?"
~-E Y| = 2 <2+32 2—8>. All
072 3T2(1+ Thros) O (w"—8) (A-11)

Similarly the first derivative of II;;, with respect to fp,; is

Il 2 7 e ot (e T ot (e
J — §R jZTr / myi]'uie 72 fDij(t U)dt X /myij<t_7—ij>uie]2 fDij(t ”)dt ’

afDij <0-72L + 02)
(A.12)

whereas the second derivative is

5’2Hij . 2
ofp, (02 +0?)

R|j2n| 527 / myijdie—jQWfDij(t—Tij)dt / m;_j(t_7_)2uiej27rfpij(t—nj)dt_

o o
j2m / (t —7)my, e 32y (i) gy mzij (t — 1)l 2™ (=7 gy

—00 —00
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which is simplified to

821_[" —871—2 E, ¥ — i ¥ * i P
anzJ _ e +02)% / My, e 32m [, (t=7i3) gy / o (t — Tij)Quiej%fDij(t Tis) Jf —
Dij n —00

—j2nfp, . (t—Tij) N\, 327 fp,; (t—Tij)
— / my,. (t — 7ij) Ue is dt my” — Tij)ue ij dt |.

(A.13)
taking the expectation it becomes
2 2
_E 0 Hz] _ & E % / m Ul ]27rfD (t sz)dt
ofp, | (on+0?) "
[e.e]
/ m;-j (t _ T)zuieﬂﬂfDij (t_Tij)dt_
/ My, (t —T) e 92Dy (=7i5) gy o / m*yij (t — T)uiejQWfDij(t_”j)
Now replacing mean as before, the above equation reduces to
&1L, 82| mj |2 7 T \ 7
—]E & = Y E §R /t—712u12dt—/t—7'z Uz2dt/t—7'z Ul2dt
af[%” (O_TQL —|—0'2) R ( ]) | | R ( J)| | R ( J)| |

(A.14)
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Using the integration by parts we finally obtain

62Hij . WZTz(TNLoS)/%j
Afp, | 6a(l+TnLos)

_E <3+4a(N2 ~1)).

The off-diagonal entries of the MFIM F(®),;, are calculated as follows

0?11, —4r

-E J = /m wize 9Dy (=i dt/m — Tij)
Ofp,, 07 (02 + 02 = v !

(o]
ou; ]27rfD”(t T”)dt / m ”,J‘e—jQﬂ'fDij(t—Tij)dt / m*-.U'ejQﬂ-fDij(t_Tij)dt“l—
87_” Yizg Yij

*
j2 OUi _jorfp (t-7
/myz — Ty )wie’ > P dt / My, ——-e 720y ) gy
j ij

87’2']' ’
(A.15)
which upon substituting the values of mean reduces to
011, —47 T « Ou;
E I - E{R|; /t—f g b =0 (A6
afDij 87_1] (0_721 4 0_2) j ( Tj>u 87'2] ( )
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In order to calculate the MFIM, F*(®),;, we have

T 7 9 . o\

which gives

82” 2 ¥ —j2mfp. . (t—Tij) 7 *
0T B (03%—02)% _/ g (t)tie o / My

aTz‘j

* 2nfp. . (t—7; 1 —j2nfp.. (t—T;
/myz‘jUiej I (4=7i5) gy / yij(t)(?r,-je 32mfpg; (=mid) gy |

Now to calculate the second derivative Let

= / iy ot 32y =) g

0T;j

I = / my e J27rfDl.j(t—nj)dt’

IV = / auZ eIy 7mis) gy
(97”

20

2 . 0 |
© 2, (1) et (t-my)
(O’% —+ 0—2) R / yl](t)ule Pij dt / myijule Dij 7 dt ;

(A.17)

O ot gy

(A.18)
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0222']' 2 o1l 01 oIV OII1
= I— +I1I— + 11— +IV—
g2~ (g0 |ty TG TG IV

where
ZII /y(t)uze ]27TfD t T'L] /mz”a uz ]27’I’fD (t T,L])dt
T
7 * 0 7 g T,
_jQWfD/myzyau 72 fD (t= Z])dt
00 Tij
01 T om, u; - it ou;
= — Yij ]27rfDi.(t7T1])dt / ¢ j2nfp,. (t— T”)dt
or . or;j ‘ ’ ~ ul )8%6 '
+j21fp / y(t)uze 2 Pa 7T gy
)\ s T 0%
HIai /myijuieJQTrfDij(t T”)dt /y(t) a2u e 327 fp, ; (t— T”)dt
T
T o
+j27TfD / y(t)aize_]%rfljij(t_ﬁj)dt
-

—0o0
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Ol T 0l _jonr (1o T O ompy
IV~ = ‘/1 y(t)o—e 2Py T gy j/ My, e 2P ) g
or s 0T s yjaT,]
Thus
azzij 2 7 —j2rfp..(t—; * 8 U; i2nfp. . (t—7ij)
or? - (O}%‘i‘O'Q) R / y(t)u Pyt dt / myw 2 e Pt
—0o0
/ My ™ 77 g / u, eI T dt
ij

(9u * (9u
2/ 7 7]27rfD (t—7i5) dt / m i 327rfD (t T”)dt
W5, Vi Ors

Subsequently, the second derivative becomes

822] 2 * 49 e * 8271/ D) s
J = R / i (t)ie 2P (T gy / My, 7€) TP (770 g
o Goran | | J e Mg

F o gy T Pt
+ / myijuieﬂWfDij(t m)dt X /yw(t)a e JQFfDij(t ng)dt_
T4
—00 1)

ya 8’& ) a’U/ 2
2 [t [ i, S
J ?/J( >a7_ij Vi O T

(A.19)
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Thus we have

82 2 * 3 U;
) el E! % /u 24t / LU 2wy (4=Tis) gy
oy | o) H| L] ey
o0 (o] 2 *
* _j2nfp, . (t—7ij) / d0"u / / du; J27FfD (t—ms5)
My, Wi€ i dt | Ldt + 2 dt m, i dt
_/ i J J Yoz Ory ) "ian, :

(A.20)

Now, putting value of y;;(t), mean m,, and using E{|5;|*} = 0* + m;;, we

obtain

) i E / i, ’d . A.21
oT2 (02 +02) R ( )

ig
Lastly, we obtain a closed-form expression

92y, . 4T NLos)Fij (7T2 + 3a?(7? — 8)>
Bl =5 | = . (A.22)
ot 3T2(1 + Y Nros)

vy
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Similarly the derivatives of ¥;;, with respect to fp,; is

821 2 . E ], P P by * 27 P

(‘3ij (o2 +a2)§R j2m /yij(t)uie iy ray /(t_ﬂ'j>myuui6j2 Toi (=) gy
ij n —00

/(t—Tij)yij(t)ﬁie_jzwfl)ij(t_Tij)dt / mzijuiej%ff’ij(t_”j)dt s (A23)

which gives

2
0 E'L] _ 2 / " * —]27TfD (t Tij) dt / . m ..U'ejQﬂ—fDij (t—Tij)dt
ofp, (0% + o il ) M

oo
+/ 7_1] yzj * —]27rfD (t Tij) dt / mzijUiejZWfDij(t_Tij)dt_

— 2 / TZ] yl] * _]27rfD (t T” dt / Tl] mymu GJZWfDij(t_Tij)dt

(A.24)
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Subsequently we get

8221']' 72 o0 9 o0 " 2 jonfp.. (t—7i;)
- 0fp, |~ (U%JrU?)E " _/|ui| dtlomyu(t—ﬂj) uge? P )

+ / T’J |u1| dt / my“u QJQWfDij(t—Tij)dt

oo
—2 / — Tij) |ul| dt / — Tij) myz uzeﬂwfnij(t—n]-)dt

(A.25)
Again after substituting the value of mean m,, as before we get
p| 86| _ 167 plg 7(t 7i;) 2 w2 dt — 7@ — 73)ata|? 7@ — 735) [wi|?
af%” o (U% _|_02) . ij i J i) |t o 1) |
(A.26)

Hence,

os, | TP (Txros)h <3 +4a(N? — 1))
“E| S5 | = . A27
afl%zg 30&(1 + TNLOS) ( )

On the other hand, the off-diagonal terms of the MFIM, F*(®),;, are calcu-
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lated as follows

822‘j . 2 %
373]» N (0'721 + 0'2)
R / My, i ()€ 7225 T3 gt / O yi2m 1, t=73) gy
E 0T
7 U,
+ / uge! i 17T gy / LIy T g | (A.28)
s (97'”
which implies after simplification
E i | BOR| | [ lwlde [, (= 7ip) 520 gy
8fDijaTij (U?L+0'2) J K | | K y”( ]>a7'ij
t—n i 2at [ . 20 eitnto - gy
J yzy 8
e Tij
T 81}2 Vi * i2nfp.. (t—T7ij) T 8171 T * i2nfp.. (t—7ij)
/(t—T,-j)u,-—dt / My, ;e W\t + / w;—dt / My, (t — 7ij)uze’™ P T dt
e aTij e ’ e aTij e ’

(A.29)
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Therefore, by putting the value of y;;(t) and using E{3;;} = m;;, we have

0°%,; —4r 8u 7
- ) B . . St - / N i / i
afD” aTij (0721 + 02) HE — aTz] o, —00 (t E |u | . Yor,
Ji 8“1 8ul
_/ (8= 7 uig o di + / e F (A.30)

which ends the proof of Theorem 1.

A.1 Entries of MFIM

The Entries of MFIM F,;(O©)

As is clear that the required MFIM F;(©), is a 6 x 6 symmetric matrix which
arises on the parameters of interest and it depends more on the geometry
due to presence of the Jacobian rather than F;;(®). Since the MFIM on

parameter, ® = [7;;, fp,;] is only a diagonal matrix of order 2 x 2, we denote

it by F;;(®) = diag[F", F??], thus all entries of the required MFIM are

« OU;
0Ty

dt—
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explicitly given subsequently.

ij,px)2F227

Fi7(©) = (1, ) (73, JF'' + (fpis,, ) (D, ) F2,
Fi}(©) = (i, ) (75, )JF" + (fy;,.) (fDiy, ) F 2,
Fi}(©) = (fpi,,) (0., ) F*,

F7(©) = (fniy,,)(fDi.,) T2,

F%(©) = (fp,,.)([p,..) F*,

F2(©) = (7, ) F" + (fp

Fj(©) = (1, )*F" + (fp

- )2F22

Fz2]3(®) = (Tij,py)(Tij,pz)Fll + (fDij,py)(fDij,pz)F%’
F2(0) = (f0,,,,) (5,0 ) F™.

F3(0) = (fn,,,,)(f,.., ) F™.

F?gﬁ((")) = (fDij,py><fDij,vz)F22’

F(0) = (.0 F" + (f,, ) F2,

o)
Fi1(©) = (fp,,,.)(fp,,.. ) F*,
F7(©) = (fp,,,.)(fp,,., ) F*,
F(©) = (fp,,.)(fp,.. ) F?,
Fi/(©) = (fp,., ) F*?,

F7(©) = (fpy;., ) (D, ),
F7(©) = (fijon) (fij ) F,
F2(©) = (fp,., ) F*,

F22(©) = (fpy., ) (. ) F2,

F66(®) = (fDij,vz )2F22‘

o8
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A.2 Proof of Lemma 2

Proof of Lemma 2.

In order to prove the positive definiteness of the Schur complement we first
identify the centers of the Gershgorin discs in it and show that these are
positive. Again by using the results in Appendix 2, the explicit form of the
diagonal entries of 227 Q37 'Q2, are given by

2
. T -1
dlag (Qz Q3 Qz) = (FQQ) wlsg + W4Si + w68§ + 2(W38285 + W58485 + WQ8284)

(A.31)

where we have used the fact that 227 = Q2. Here w; for all i = 1,....6
denote the entries of the inverse matrix 237" and s; forall2 =1, ..., 6 denote

the matrix 92 and identified as

S1= Z SDij 00 I D 52 = Z IDi e sz‘j,vy )53 = Z fDij g fidos (A.32)
i,j i,j i,J

S4 = Z fD’ijJJy fDijxvy » S5 = Z fDij,py fDij,vz » 86 = Z fDij,pz sz‘j,vz . (A33)
Z?] Z7j

]

Following the same lines the entries of inverse matrix 93_1, are determined

WIS% + w4S§ + wﬁsg + 2(w38183 + WsS983 + WaS1S2)

w183 + wyst + wesg + 2(w3s386 + WsS5S6 + WaS3Ss)
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as
2
I ~ 2 ~ 2 ~
Dw, = Z /Qiijz‘jﬂ}y Z ﬂiijij,Uz - (Z liiijijmnyij’vZ) : (A.34)
% 2] i,
N B o ) o
Dwy = Z Hijfz‘jMfDij v, Z K’iijij on Z "“Jz‘ijij vszij v Z ”fiijij v,
ij g i ’ RN T
(A.35)
D s P2 = ~ 2
Dws = Z ’%ijij,vI fDij,vy Z "iiijij,vy fDij,vz — Z ﬁijfij,vszij’vz Z "iiijij,vy ’
1,7 i,J %,J %,J
(A.36)
2
D ~ 2 ~ 2 -
Dwy = Z /iiijij’vz Z l‘fiijij,vz - (Z Rijfij ., fDij’Uz) ) (A.37)
% 2y i,
N B . o, i
Duws =" RijIpij ,, IDij > Fijfij,, fij,, — > Rijbij > Rij[Dij o IDij . 5
i,J i,J .J i,J
(A.38)
2
» _ ~ 2 ~ 2 -
Dws = Z /ﬁiijijM Z :‘iiijijmy - (Z Kfz'ijij’vz fDijyvy) ) (A.39)
2Y) 2,] %,]

where D = Det(Q3). Now by substituting these values in the Eq. (A.31) and
observing that each entry is the sum of several terms in which the first three
terms are positive following the inequality (3.24) in Lemma 1. It is easy to
see that the first three terms in each diagonal entry are dominating which
implies that each such diagonal entry is positive. Hence the center of each
Gershgorin disc is situated at a positive real number which in turn indicate
that the Schur complement is also positive definite which completes the proof

of Lemma 2.
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