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Abstract—We consider the irreducible discrete time Markov
chain, with one absorbing state, as a potential candidate to model
a wireless multi-hop transmission system that does cooperative
transmission at every hop. This paper describes the modeling
for a special geometry where the nodes are aligned on a one-
dimensional horizontal grid with equal spacing and such that the
cooperating clusters are adjacent. This model can be considered
a precursor to a model for an Opportunistic Large Array
broadcast for the finite density case. Assuming all the nodes
have equal transmit power, the successive transmissions can be
modeled as a Markov chain in discrete time. We derive the
transition probability matrix of the Markov chain based on the
hypoexponential distribution of the received power at a given time
instant. The Perron-Frobenius eigenvalue of that sub-stochastic
matrix is used in formulating a bound on how far transmissions
can reach with a particular relay transmit power.

I. INTRODUCTION

Wireless multi-hop communications, where radios forward
the packets of other radios, has a wide variety of applications,
not only in the cellular and sensor networking regimes, but in
technologies like wireless computer networking and mobile
computing. One promising, very fast, and energy efficient
wireless transmission technique is the Opportunistic Large
Array (OLA) [1], in which all radios that decode a message
relay the message immediately after reception, without co-
ordination with other relays. Because inter-node coordination
is not needed, OLAs are particularly well suited for mobile
networks, such as large groups of people with smart phones.
For example, an OLA broadcast may complement or supplant
Base Station or Access Point transmissions, harnessing the
other radios in a network to increase the reliability and speed
of a broadcast. OLA broadcasting is also a likely candidate
for wireless sensor networks, a key technology in pervasive
computing. There are many uncertainties that influence exactly
which radios participate in an OLA. Currently, there is no
way to model general OLA transmissions short of brute
force Monte Carlo simulation, and this has been a barrier to
fundamental analysis of this transmission technique, when the
density of the nodes is finite.

In this paper, we model a variant of a decode and forward
OLA network, where the nodes are uniformly spaced along a
line. Furthermore, we constrain the OLAs to be contained in
a pre-specified non-overlapping sets of nodes. Each OLA is

still opportunistic in the sense that only the nodes in the set
that can decode will be part of the OLA. Also, we assume
that the distance between the source and the destination is
long enough that the transmission reaches a kind of steady
state. Specifically, we assume that the conditional probability
that the kth node in cluster decodes, given that the previous
cluster had at least one node transmitting, is the same for
each cluster. This allows us to apply the well-established
theory of quasi-stationary discrete time Markov chains with
one absorbing state [S]. The absorbing state is defined to be
when all the nodes in one hop cannot decode the message,
and the transmissions stop propagating.

Most of the previous works in cooperative transmission deal
with a single [2] or dual relay system [3]. The authors in [4]
studied large dense networks, using the continuum assumption.
Under this assumption, the density of nodes goes to infinity
while the total relay power is kept fixed. This assumption
is not appropriate for low-density networks. The continuum
model was also used in [1], where the authors studied broad-
casting and uni-casting protocols with the pathloss as the
only channel impairment. Thus in this paper, we remove the
continuum assumption by deploying a simple one-dimensional
network where the nodes are uniformly spaced on a grid. We
also assume Rayleigh flat fading channels in addition to the
pathloss as the channel characteristic and derive the transition
probability matrix of the Markov chain.

The rest of the paper is organized as follows. In the next sec-
tion, we describe the network layout along with its parameters.
Section III deals with the proposed modeling of the network
via discrete time Markov chains (DTMC) and obtaining a
quasi-stationary distribution of this chain. In section IV, we
analytically derive the transition probability matrix for the
proposed model and then we will validate the analytical results
with those of numerical simulations in Section V. The paper
then concludes with certain recommendations of the future
work in Section VI.

II. SYSTEM DESCRIPTION

Consider an infinite line of nodes where adjacent nodes
are a distance d apart from one another as shown in Figure
1. Each hop or decoding level is characterized by a fixed
number, M, of nodes that are eligible to cooperate to send the
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Fig. 1. Arrangement of nodes on a grid, M =4

same message signal to the next level. A node, at any certain
level, can decode and forward (DF) the message without error,
when its received signal-to-noise ratio (SNR), from previous
level only, is greater than or equal to a modulation dependent
threshold, 7. Example DF nodes are shown as filled black
circles in Figure 1. We assume that all the nodes transmit with
the same transmit power P;. A node, while receiving, receives
copies of the message signal from the nodes that decoded
the message correctly in the previous level, over orthogonal
fading channels using equal gain combining (EGC). Let us
define N, = {mi(n),ma(n),...,mg, (n)}, where k,, is the
cardinality of the set N,,, to be the set of indices of those nodes
that decoded the signal perfectly at the time instant (or hop) n.
For example, from Figure 1, N,, = {1,3} and N,, . ; = {1, 2}.
The received power at the jth node at the next time instant
n + 1 is given by

P,
Prj(n—i—l) = df; Z

meN,

Mg

(M —m+j)8’ M
where the summation is over the DF nodes in the previous
level. ., is the flat fading Rayleigh channel gain from node
m in the previous level to node j in the current level. The
elements of p are independently and identically distributed
(i.i.d) and are drawn from an exponential distribution with
the parameter aﬁ:l, and ( is the pathloss exponent with a
usual range of 2-4. Consequently, the received SNR at the jth
node is given as v; = Pr;/o%, where o7 is the variance of
noise at the jth receiver. Throughout the paper, we will use
the notation Pr;(n) as the power received at the jth node at
the nth time instant. We assume perfect timing and frequency
recovery at each receiver, and we also assume that there is
sufficient transmit synchronization between the nodes of a
level, such that all the nodes in a level transmit to the next
level at the same time [7]. In other words, the transmissions
only occur at discrete instants of time n,n + 1, ... such that
the hop number and the time instants can be defined by just
one index n.

III. MODELING BY MARKOV CHAIN

At a certain time n, each node from the nth level will
take part in the next transmission, if it has decoded the data
perfectly, or it will not take part, if it did not decode correctly.
The decisions of all the nodes in a level can be represented as
X(n) = [Ii(n),Iz(n), ..., Ia(n)], where I;(n) is the indicator
random variable for the jth node at the nth time instant given

as
|

L (n) 1 node j decodes
(1) =
/ 0 node j does not decode
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Thus each node is represented by either 0 or 1 depending upon
the successful decoding of the received data. For example,
from Figure 1, we have I;(n) = I3(n) = 1 and Ix(n) =
I4(n) = 0. We observe that the outcomes of X(n) are M-
bit binary words, each outcome constituting a state, and there
are 2M number of states, which are enumerated in decimal
form {O, 1,..,2M — 1}. Let 7,, be the outcome at time n. For
example, ¢, = {1010} in binary, and ¢,, = 10 in decimal in
Figure 1. Then we may write
P{X(n)=in|X(n—1)=tip-1,...X(1) =di1} =
P{X(n)=ip|X(n—1) =tp_1}

where P indicates the probability measure. Equation (3) im-
plies that X (n) is a discrete time finite state Markov Process.
Assuming the statistics of the channel are same for all the
hops in the network, the Markov chain can be regarded as a
homogeneous one.

It can be further noticed that at any point in time, there is
a probability that the Markov chain can go into an absorbing
state, thus terminating the transmission. That will be a state
when all the nodes at a particular hop cannot decode the
message perfectly and thus Markov chain will be in the 0
state (decimal). Thus we consider the Markov chain, X, on a
state space {0} U S, where S is a finite transient irreducible
state space, S = {1,2,...,2™ — 1}, and 0 being the absorbing
state where

3

lim P{X(n)=0} /1 as. 4)

On the other hand, the rest of the 2™ — 1 states make an
irreducible state space, i.e. there is always a probability to
go from any transient state to another transient state. We will
define two matrices to describe the Markov Chain. The first, f’,
is the full, 2 x 2M transition probability matrix for the states
in the set {0} U S. Each row in P sums to one. The second
matrix, P, in our description, is the submatrix of P that is
formed by striking the column and row that involve transitions
to and from the O state. Therefore, P is a (2M —1) x (2M —1)
matrix corresponding to the states in S. It can be noticed that
the transition probability matrix P on the state space S is not
right stochastic, i.e. the row entries of P do not sum to 1
because of the killing probabilities given as

Ri=1-> Py, i€S. )
jes
Since P is a square irreducible nonnegative matrix, then by
the Perron-Frobenius theorem [9] there exists an eigenvalue,
p, such that following properties are true:
e p > |r| for any eigenvalue r # p.
o The eigenvector associated with p is unique and has
strictly positive entries.
For proof, please refer to [9] and [11]. Since P is not right
stochastic, thus p < 1. Also since all states in .S are transient
and not strictly self-communicating, thus p > 0 [6]. Overall
our assumptions imply that

0<p<l. (6)
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From the theory of Markov chains [11], we know that a dis-
tribution u = (u;, 4 € S) is called p-invariant distribution if u
is the left eigenvector of the transition matrix P corresponding
to the eigenvalue p, i.e.

uP = pu. (7

We are now interested in the limiting behavior of this Markov
chain as time proceeds. Since Vn, P{X(n) =0} > 0, thus
eventual killing is certain. But we are interested in finding the
distribution of the transient states, before the killing occurs.
The so-called limiting distribution is called the quasi-stationary
distribution of the Markov chain, which is independent of the
initial conditions of the process. From [5] and [6], this unique
distribution is given by the p-invariant distribution for one
step transition probability matrix of the Markov chain on S.
We can find the quasi-stationary distribution by getti}gg the
maximum eigenvector, u of P, then defining u = 4/ 212: 171 a;
as a normalized version of u that sums to one.

Thus we can define the unconditional probability of being
in state j as

P{X(n) =j} = p"u;,

We also let T = inf {n > 0 : X (n) = 0} denote the end of
survival time, i.e. the time at which killing occurs. It follows
then,

jeSs, n>0. (8)

P{T >n+m|T >n}=p", 9

while the quasi-stationary distribution of the Markov chain is
given as

lim P{X(n) =j|T > n} = u;,

n—oo

jes. (10)
IV. FORMULATION OF THE TRANSITION PROBABILITY
MATRIX

In this section, we will find the state transition matrix P for
our model, the eigenvector of which will give us the quasi-
stationary distribution. Let ¢ and j denote a pair of states of
the system such that i,j € {1,2,...,2M — 1}, where each i
and j are the decimal equivalent of the binary word formed
by the set of indicator random variables. Now for each node
m, the probability of being able to decode at time n is given
as

P {node m of level n will decode} =P {I,,(n) =1}
1D
=P {vm(n) > 71}.

Similarly, the probability of outage or the probability of
In(n) = 0is given as 1 — P {~,,(n) > 7} where

P () > 7} = | T )y,

D~ (y) is the PDF of the received SNR at the mth node. It can
be seen that the power at a certain node is the sum of the finite
powers from the previous level nodes, each of which is ex-
ponentially distributed. Thus for K independently distributed
exponential random variables with respective parameters A,

12)
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where £ = 1,2,...,K , the resulting distribution of the
sum of these random variables is known as Hypoexponential
distribution [8] which is given as

K
py(y) =D Crdeexp (—Ary), (13)
k=1
where A
Cr =[] =+ (14)
S e = A

Although fooo py (y)dy = 1, it should not be thought that Cj,
are probabilities, because some of them will be negative. Thus
from (12), the probability of success of the mth node is given
as

M

P{ym(n)>7|X(n—-1)€ S} = ZC’k exp (—)\,(Cm)r)
];:Ek(n -1,
(15)
where C}, is as given in (14) and /\ém) is given as
A = dP(M — k—l—m)ﬁafn. 16)

Py
Equation (15) describes the probability of success of one
node. For M nodes in a level, let us define the index sets
corresponding to the ith state as
N = {m® ), m (), . mil) (n) |

n

and o ‘
NG = {1,2,..., M} \NO,

So the one step transition probably for going from state 7 to
7 is given as

P = H

Z Cy, €xp (—)\ffi)f)

mENgf)

amn
H 1- Z Cr, exp (—)\5,’1“)7)
keNy) meN)

V. NUMERICAL RESULTS

In this section, we compare the analytical results with those
of numerical simulations for different sets of parameters. For
the purpose of simulations, we calculate the received power
at each node based on the previous state (assuming an initial
distribution of nodes at the first hop), which is used to set
the indicator functions as either 1 or 0 depending upon the
threshold criterion. These indicator functions will form the
current state and the process continues. We finally obtain the
distribution of the chain by simulating over 20,000 trials. The
Perron-Frobenius eigenvalue of P has been found using [10].
In all of the following results, we set P, = 1, 0% = 1,07 = 1,
d=0.5and g = 2.
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Fig. 3. NMSE between the quasi-stationary distributions from analysis and
simulations

Figure 2 shows the distribution of the Markov chain, at
different hops, when there are M = 2 nodes in each hop. Thus
it can be seen that the analytical results are quite close to that
of simulations. It can be further noticed that as we increase
the hop number, the probability of being in a transient state
decreases which asserts the relationship as described in (4).
Figure 3 shows the normalized mean squared error (NMSE)
between the quasi-stationary distribution for different values
of M, where the NMSE is defined as

12
1 u—a;

NMSE = ——
2M 1 <u>2?

(18)
where u is the quasi-stationary distribution obtained from sim-
ulations, ||.]|3 is the squared Euclidean norm and < . > is the
mean value of the vector. The figure shows that as we increase
the hop number, we approach the quasi-stationary distribution

This full text paper was peer reviewed at the direction of IEEE Communications Society subject matter experts for publication in the IEEE Globecom 2010 proceedings.

n=0.8
n=0.9
—+—n=0.95
10't g
e
(%]
Q.
o
=y
©
[}
Q
€
>
z
10° i
0.8 0.85 0.9 0.95 1
Perron-Frobenius Eigenvalue (p)
Fig. 4. Relationship between hops and p
5 t;/; T T
103 l (S>> Perron-Frobenius eigenvalue p
45 ) ~ ' . 1
4 |
s
~ 35 E
(]
el
2
5 3 1
5}
Qo
E 25 1
z
2 . : : 4
0.99
\\ 09,
%
; L %%

12 14 16 18 20
SNR Margin Y(dB)

Fig. 5. Contours of p as a function of nodes, M, and T

quite fast. As we increase M, the NMSE starts to increase
and these deviations in the numerical and analytical results
can be attributed as the precision errors while calculating the
eigenvalues of larger matrices.

From the deployment perspective of the network, it is some-
times desirable to optimize the values of certain parameters
like transmit power of relays or distance between them. This
optimization is done to obtain a certain quality of service 7.
In other words, we are interested in finding the probability
of delivering the message at a certain distance without having
entered the O state, and we desire this probability to be at least
7 where 1 ~ 1 ideally. Thus (9) gives us a nice upper bound
on the value of m (the number of hops) one can go with a
given n, i.e. p"* > n, which gives

19)
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Fig. 6. SNR margin required to reach a particular distance for various values
of M with n =0.9

This bound has been plotted in Figure 4 for various values of
7. Thus if the destination is far off, we require more hops, m,
which will require a larger value of p. Now p is a nonlinear
function of M, P;, 02, d, and 3. An exact analytical expression
of p in terms of theses parameters is difficult to obtain but from
(15) and (16), we define
Yo P 1

T= T dPo?T’
as the SNR margin from a single transmitter d distance away.
A large SNR margin corresponds to a large node degree,
whereas an SNR margin of 1 implies a node degree of exactly
two in this line-network. We can find the values of p for
different T and M. The contours of p for various values of M
and T are plotted in Figure 5. Thus for a fixed 7, we can find
the p from (19) or Figure 4, as p > exp 1“7", and from Figure
5, we can look at what values of M and T correspond to this
Perron eigenvalue. It can be noticed that if we do not have
cooperation, i.e. single node in each hop, M =1, then additional
2-8dB of SNR margin is required to deliver the same message
to a destination, than with cooperation. However, Figure 5
does not address fixed distance and it is hard to determine the
diversity gain, since the distance is increasing as M increases.

Figure 6 shows the relationship between required SNR
margin to reach the destination node at a particular normalized
distance for different values of nodes in each hop. The
normalized distance, which is the true distance divided by d,
is defined as the product of the number of hops, (made to
reach the destination) and the number of nodes, M, in each
hop. We observe that, for SNR margin (1) greater than about
14dB, as we increase M, we can go farther for the same SNR
margin. It can be further noticed that the curves intersect each
other at some points, which shows that the transmissions can
reach a particular point in two ways, i.e. keeping M small and
increasing the number of hops or increasing M and having a
smaller number of hops. In the context of a 2-D network, the

(20)
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former enables more simultaneous routes in the network while
the later improves the latency of a given route.

VI. CONCLUSIONS AND RECOMMENDATIONS

In this paper, we have shown that a one-dimensional multi-
hop network that does opportunistic large array transmission
can be modeled as a Markov chain in discrete time and we
derived the sub-stochastic matrix of this chain. The Perron-
Frobenius eigenvalue of this matrix helps in determining
different parameters for achieving better performance in de-
livering the message to a destination. As an extension to
this work, it is recommended to obtain a framework where
the number of nodes, M, can be opportunistic, i.e. the OLA
boundaries should not be fixed, and they should dynamically
grow or shrink depending upon the random nature of data
received at different locations.
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