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Abstract—This paper addresses the problem of signal-to-noise
ratio (SNR) estimation for a virtual multi-input single-output
(MISO) communication system employing non-coherent M-ary
frequency shift keying (NCMFSK) modulation scheme. The
transmitted signals from L different nodes undergoing correlated
Rayleigh fading with additive white Gaussian noise (AWGN) are
combined at a single receiving node via equal gain combining
(EGC) scheme. Maximum likelihood (ML) estimation technique
is used for deriving the closed-form expressions for data aided
(DA) and non-data aided (NDA) estimators. Cramer-Rao bound
(CRB) has also been derived to evaluate the performance of
the derived estimators. Numerical results have been shown
for various parameters such as number of transmitting nodes,
modulation order, and varying number of symbols

Index Terms—Maximum likelihood SNR estimation, correlated
Rayleigh fading, MISO, FSK.

I. INTRODUCTION

Signal-to-noise ratio (SNR) is one of the key performance
metrics in analyzing the performance of a wireless commu-
nication system. SNR estimates are used at the receiver side
for the purpose of symbol decoding, power control algorithms,
turbo decoding, and deploying adaptive modulation and coding
(AMC) schemes. In wireless sensor networks (WSN)), it serves
a major role in finding candidate cooperators in the cooperative
communication environment by letting power efficient routing.
An SNR threshold is defined for relay recruitment by limiting
the number of nodes participating in the data transfer, hence,
making the routing process more energy-efficient [1-2].

In WSNs, the sensor nodes are highly energy constrained.
Because of the impairments of the wireless channel and
receiver noise, single link between two sensor nodes is proned
to errors and imperfect decoding. Therefore, such scenarios
are desirable in which power gain along with efficient data
transfer is obtained. Cooperative transmission (CT) is a way
to improve the decoding capability by providing array gain.
In a multi-hop WSN, a group of nodes participate to transfer
their data to the next group of nodes cooperatively [3]. Hence,
for one receiving node, a virtual multiple-input single-output
(MISO) is created as many sensors send the same message
to this node. Due to simultaneous transmission of multiple
nodes, power gain is achieved at the central receiving node
if non-coherent combining techniques are employed. The
data from each sensor node follows a separate channel but
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unlike [4] different channels might have correlation with each
other due to insufficient spacing between the sensor nodes.
Moreover, such a modulation scheme is required, which not
only offers less complexity but also provides power efficiency.
Non-coherent frequency shift keying (NCFSK) is well known
for fulfilling both the criteria. Therefore, in this paper, we
aim to estimate the SNR of a MISO communication system
employing NCFSK modulation scheme considering correlated
Rayleigh fading channels. The data arriving at the receiver
from all sensor nodes is combined using equal gain combining
(EGC) because of the non-coherent nature of the employed
modulation scheme [5]. We assume perfect synchronization
between the transmissions [6]-[7].

SNR estimation for the communication systems employing
M-ary frequency shift keying (MFSK) and phase shift keying
(MPSK) modulation schemes has been remained in practice
by several authors in the recent past. For example, in [8], the
authors have presented a comparison among BPSK and 8PSK
modulation schemes considering real and complex additive
white Gaussian noise (AWGN) channels, respectively. SNR
estimation of non-coherent BFSK and MFSK receivers have
been presented considering Rayleigh fading channels in [9]-
[10]. Authors have considered data aided (DA) and non-data
aided (NDA) scenarios and presented their comparison in
the terms of performance for designed maximum likelihood
(ML) and method of moments (MoM) estimators. In [13],
the authors have designed SNR estimators for a slow fading
environment. Carrier frequency offset effects have been taken
into consideration while estimating SNR in [14]-[15]. SNR
estimator design for NCMFSK receiver for Rice fading envi-
ronment is presented in [16]. However, all of these works focus
on single-input single-output (SISO) communication system,
which is not applicable on WSN where multiple links are
formed for data transfer.

In this paper, we consider a MISO system and derive ML
estimators taking DA and NDA cases into account. Then, their
performance is compared in terms of normalized mean squared
error (NMSE) and Cramer-Rao bound (CRB).

The rest of the paper is organized as follows. System model
is discussed in the next section while derivations of DA and
NDA (ML) estimators are presented in the Section III. Section
IV contains the derivation of CRB. At the end, simulation
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Fig. 1: Non-coherent MFSK receiver

results for the derived estimators and conclusion are discussed
in Section V and Section VI, respectively.

II. SYSTEM MODEL

Consider a communication system having L transmitting
sensor nodes and a single sink or a central receiving node.
Non-coherent MFSK modulation scheme is employed where
each transmitted symbol undergoes correlated Rayleigh fading
and is corrupted by additive white Gaussian noise (AWGN)
independently. It can be noticed that transmission system
creates a virtual MISO, i.e., all of the L nodes transmit the
same signal s(¢). The received signals from L nodes are
combined at the receiver using non-coherent EGC can be
written as

L
y(t) =s(t) Y aO(t) +n(t),
=1
0<t<T,me{0,1,...,M} (1)

where 7' is the symbol period, s(¢) is the message signal
modulated at one of the FSK frequency, a(*) (¢) is the Rayleigh
fading envelope and n(t) is the AWGN. The received data
symbol z,, from M branches is obtained after quadrature
demodulation of the above signal y(¢). The block diagram of
the non-coherent MFSK receiver is shown in Fig. 7. Each z,,
Ym = {0,1,..., M} is a complex number and can be written
as

L
T =sm Y (ol +jal) + (ne, +ins,). @
l=1

where the subscript m={0, 1, ..., M} represents the respective
branch of the non-coherent MFSK receiver. Conventionally, a
complex number 7 is written as 1 = 1, + jn,, with j=v/—1.
Thus

Tm = Le¢,, + jxsma (3)

where z., and x,  are inphase and quadrature components
of the symbol received at m!”" branch of the receiver. Since

Rayleigh fading is considered, the elements of the channel
gain, a® and the additive white Gaussian noise, n,,, are
drawn from zero mean complex Gaussian distribution with
variances of S/2 and N/2 per real dimensions, respectively.
Additionally, we assume that all the channels are not indepen-
dent from each other, therefore, correlation between any two
different channels, i.e., oY and o'?) is represented by Pijs
where i,j € {1,2,..., L}. However, Z,,, s, and n,, are the
elements of the vector Xnrx1, Smx1 and nypx1 respectively.
Thus at one time instant the received data is represented as
x=[r1,Z2,..., T M]T, where T is the transpose operator. In this
paper, we are interested in estimating the average SNR of the
received complex data vector, that is

X = Xc + jXs, 4)

Hence, Xc(arx1) and Xs (a7 1) can be viewed as two zero mean
real Gaussian random vectors

xl xcl
= | +i| |, )

Tgy

LM Ley Lsn

with covariance matrices Kce(arxar) and Kssarxary and
cross-covariance matrices Kes(arxar) and Kse(arxary- Thus

E[XCXCT] = chaE[XsXsT] = KSSaE[XchT] = K057 (6)

Furthermore, x is assumed to be proper random vector with
vanishing pseudocovariance matrix [11]. That is

E [(xc + jxs)(Xe + jxs)T] =0, 7
which implies
ch - K337 Kz; = _Kcs~ (8)

We also assume that there is no correlation between the in-
phase and quadrature parts of any two different channel gains,
ie., E agi)agj ) }:0. Thus K.s=K.=0. However, correlation
among inphase-inphase and quadrature-quadrature is assumed
to be present, and the correlation coefficient between two
channels is given as

E {agi)agj)} E {agi)agj)}

Uagi)ffagj)

g 0 _ ) = P ©)
Qg Qg

where o, ) and N0 represent the standard deviations of the

inphase and the quadrature components respectively, related

to channel . Hence, the covariance matrix K of the complex

vector X=X, + jXs is only a function of K ..=Kj;, i.e.,

o[ )

0 K (10)

In this paper, we are interested in estimating the average SNR
of received data using different estimation schemes. These
schemes are discussed in the forthcoming section.
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III. ESTIMATION TECHNIQUES

A. Data Aided MLE

In pilot-assisted or data aided estimation, the objective
is to estimate the average SNR of the received data x by
transmitting the known data symbols from the transmitter.
The L sensor nodes transmit the same data vector, i.e.,
s=[s1 = 1,80 =0,---,sp = 0]. Here, s1=1 and s,, = 0 for
m={2,3,---, M} implies that f; is transmitted from all nodes
and that the data part will be received in the first receiver
branch. However, the remaining (M — 1) branches contain
noise. The data to be estimated follows complex a Gaussian
distribution, therefore, the joint probability density function
(PDF) of x. and xg can be written as

exp{;[XcT xT] K [’;"” (11)

Assuming the data in the first branch, K..=K;s can be easily
computed using (6) as

Pxc,xs (Xes Xs) =

S NS
Ls+5+5¥ 0--- 0
0 % 0
K. = , . o 12)
0 0--- %

where ¥ = Y21 S 5y, . Hence, using (10), we can
have

NM-1
)

v/ det(K)

[ S N S (13)

L2+ =+ 2w
TS

2 2
as both K and K;CI are non-singular matrices, so their inverse
can easily be found

K} 0
-1 _ cc
K [ 0 K‘l}'

cc

(14)

Therefore, we can re-write (11) as follows
exp {—%(XCTK;}XC + XSTK;Cle)}
(2m)M /det(K)
(15)

Similarly, for a data packet containing g independent data sym-
bols, the likelihood function is the product of their marginal
PDFs and is given as

pxc,xs (XC, XS) =

L(X17X27 T 7xg;S?N) = (271—)7Mg( V det(K))ig
M
exp {_1 o 7 |? + i=1 D om=n | Tm.i |?
5, N_ &% N
2| [L3+5+3Y] 2
(16)
Note that | z,,; |=,/22 . 422 . Here, the sub-indices m

and ¢ denote the receiver branch and time respectively, where

m={1,2,--- ,M} and i={1,2,---,g}. The log-likelihood
function is given as
Axp i (Tm,i3 S, N) = —Mglog(2m) — glog \/det(K)—

M
L X [m )P P> | T P
N

2|5+ +59] 2

a7

We are interested in finding the individual maximum likeli-
hood estimates of the signal power, Syr1 and the noise power,
N ML, because SNR expression is the ratio of these individual
estimates R

. Smr

YDA = = .

ML

By differentiating (17) with respect to S and N individually
and setting their derivatives equal to zero, we get the estimate
of the signal power

M 2
Gy = M =D o0 [P =300 Donmp | T |
g — (L + 0) ’

(18)

(19)
and the noise power
T Z’r]\r{=2 | Zm,i |2
g(M —1)
Now put the value of (19) and (20) in (18) to get the final
expression of SNR given as

M 2
(M - 1) Zi']:l ‘ L1 |2 - zg:l Zm:2 | Lm i |
M 2 :
(L+W) 521 Zmzz | Tm,i ‘

Nurz = (20)

Apa =
2D
B. Non-Data Aided MLE

In NDA estimation, we do not have any prior knowledge
of the transmitted message symbol. Every individual symbol
has equal chances to be received at the receiver. The condi-
tional PDF of the received symbol given f, frequency was
transmitted, i.e., 1 at the nt" position of vector s is given as

il

exp { !
2
(22)

There are M different possibilities of receiving the data in M
receiver branches. Hence by using the law of total probability,
we can write the joint unconditional PDF of the received data
is given as

1
Xc,Xg|sp = 1) =
e | ) M (2m)M (det VK)
M
‘ T |2 Emzl,ﬂl?ﬁ"

L5+ 5+ 50 5]

1
X07 Xs =
P ) M (27)M (det vVK)

Z%:z | Tm |2
[exp{_([S(L+W)+N]2+ N )}

Lt |2) H

N
(23)
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In order to simplify the above expression, we can factor out
M 2
the common term exp M} such that

1
Xey Xg) =
Pte s, (X, Xs) M(2m)M (det VE)
M
— ot |7 2 )
exp{ i ;exp{—lx"LI o, (24

where ¢= [m - %} Now generalizing the joint PDF
for a packet of g independent symbols, we can write the

likelihood function as

L(x1,Xz2,: " xg;S N) = (M)™9(2r) =M det(K)~9/?
HeXp{_ $mz|}zexp{_|xmz }’
i=1

(25)

and log-likelihood function becomes

Ax,, — glogdet(VK)—

o Yo 2|xm1|-+§:lq§l§:fmp{"|$mz }]

(@38, N) = —Mglog(2)

(26)

Taking partial derivative of (26) with respect to S and N
individually, setting these derivatives equal to zero and solving
them simultaneously result in the following non-linear equa-
tions

S(L+T)+ MN = 2, 27)
7, 1 m=1
and
] M
SN i P —g(M - 1)N =
i=1 m=1
=1 Z7n 1 | Toni |2€Xp(_ | Timi |2(I)) (28)

M J

Z’m:l eXp(— ‘ Lm,i |2(I))
Finding a closed-form solution for the estimates of S and
N is quite complex due to the presence of non-linear term,

S N i exp(—|wm,i [F®)

L . - : in (28). In order to make the
TS b (o i) (28) ,
derivation simpler and to get a closed-form solution, we

approximate this term for higher SNR values. Consider the
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Rearranging the above equation, we get

A,—»ij | 21, |? | 22, |? G1)
- — eXp(lIlelz) exp(‘lei‘Z)
Gl s lzy,412 L+ lzg 12
exp (“R) exp (—F—)

Now suppose, fi is transmitted, i.e., the data is transmitted
for the first branch of receiver and the second branch contains
noise. For higher SNR values, S > N, the expressions

exp (122 LH)

1+ \22 il?
exp ( St 1

non-linear term gets finally transformed into the following

approximation

exp (7")
\11 i12

— oo and 1+ — 1. Hence, the

(32)

g
2
= max ;
>, Lo

=1
Using (32) in (28), we get the estimate for noise power, N ,
that is

M
N = %[‘]=1 Y om=1 | Tmyi |2 - Zgzl maXm=1,---,
g(M —1)

M \ Tomi |2

(33)
Using (33) in (27) to get the estimate for signal power, .S. The
final expression for non-data aided SNR, 4xp A=% is given
as

— ?lem 1|1'mz| +MA
o .
ML+ ) [ S0, Yoy | o P~ A
IV. CRAMER-RAO LOWER BOUND

In this section, we find the Cramer-Rao bound (CRB) for
the performance evaluation of the derived estimators. We will
derive the CRB for data aided case and judge its performance
by comparing it with normalized mean squared error (NMSE)
of the estimator. Here, we have two unknown parameters, i.e.,
the signal power, S and the noise power, /N. We can represent
them in the form of an unknown parameter vector, i.e., @ =

INDA = (34)

[S" N]". Thus the CRB for vector parameter is given as [12]
_ 99(0) 11,9, 09(0) "
CRB = 20 i () 50 (35)

where ¢(6) = % is the function of unknown parameter @ and
I is the Fisher information matrix. Taking partial derivative of
the function ¢g(0) with respect to 0, we get

. . 9g(0) 1 -5
expression for the case of M = 2, i.e., let —— == — , 36
P 20 ~ |N N 36)
2% 2
Z | £1, | exp (= | @1 [*®)+ | w2, |° exp (— | 22, | (I’)The Fisher information matrix (FIM) is given as
exp (= [ @1, [P®) +exp (= | 22, [*®) 2
7]E O“Apa 7]E 8 Apa

(29) 1(6) — 952 SN 37)

It can be observed that, if S > N, then ® reduces from | _F 62?\]%14 _E 8261]\V%A '

o= [m — % | to ®~[—+]. Hence, using this ® in
(29), we get the expression

A Z [|x1, exp(—

exp( 255 M ) + exp( 2z

2 2
|1, )+ | o |2 exp(lz"}{;‘ )

)

(30)

|m2 1‘ )

where Ap 4 is given in (17) and E is the expectation operator.
Solving the above matrix, we have I(0), given as

g(L+¥?) g(L+)
_ | (S(L+T)+N)? (S(L+\I’)+N)2
I0)= | "yzw) Loy | G9
vy (ETrneee
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Fig. 2: NMSE for g=100 symbols, M=2, L=5 and p = 0.3

which results in CRB from (35) as

CRBpa = p (39)

V. SIMULATION RESULTS

In this section, the performance of the derived estimators
has been presented in terms of normalized mean squared error
(NMSE) values. Different trends for NMSE versus SNR have
been analyzed on the basis of several system parameters, i.e.,
number of transmitting nodes, L, number of receiver branches,
M and different number of symbols, g. All the results shown
in this section are averaged over 25000 trials of simulations.

Fig. 2 presents the NMSE versus SNR for the derived DA
and NDA estimators for the case of L=5, M=2, g=100 symbol
size and for constant correlation value between every channel,
ie., p;;=0.3 Vi, j. It can be observed from the figure that for
lower SNR region, data aided (DA) estimator outperforms the
non-data aided (NDA) estimator. This difference in NMSE is
due to the approximation made in NDA estimator for the case
of higher SNR values. Additionaly, DA estimator is showing
the minimum possible variance as it gives exactly the same
NMSE values throughout the whole SNR region as that of
CRB.

In Fig. 3, the effect of increasing the receiver branches, i.e.,
M on NMSE value has been analyzed for DA estimator for
L=2 transmitting nodes and correlation value of p;;=0.3 Vi, j.
While keeping all the other parameters constant, it can be
observed that NMSE is decreased throughout the whole SNR
region as M is increased. It is due to the fact that the estimated
sample mean approaches the actual mean as we go on increas-
ing the data samples. By increasing the receiver branches, M
and transmitting nodes, L, we are indirectly increasing the
number of data samples, which result in decreased NMSE
value. Same trend is followed by the NDA estimator. It can
be observed from the Fig. 4 that the NMSE for DA estimator,
is decreased by increasing the number of transmitting nodes,

-V DAM:Z
—— DAM=4

=8

NMSE

0 5 10 15 20 25 30
SNR(dB)

Fig. 3: Effect of increasing /M on NMSE of Data aided estimator
for g=100 symbols, p = 0.3, L =2

L. This improved performance of the estimator is again due
to the reason of a larger data set.

NMSE

107 : : : 1

.
0 5 10 15 20 25 30
SNR (dB)

Fig. 4: Effect of increasing L on NMSE of data aided estimator for
g=100 symbols, p = 0.3, M =2

NMSE contours for DA estimator can be seen in the Fig.
5 for p = 0.2, M=4 and L=3. The effect of varying symbol
sizes and SNR on the NMSE values has been analyzed in it.
It can be observed that there is a decreasing trend in NMSE
values as both the symbol size or SNR are increased. So, for
such scenarios, where smaller NMSE value is needed, packets
with larger number of symbols may be chosen and vice versa.
For example, We can see from the figure that NMSE=0.003
can be achieved at the low SNR value of 5dB by choosing
symbol size of 540, similarly, high SNR value of 20dB can
be estimated with same NMSE by making g=470.

VI. CONCLUSION AND FUTURE WORK

We have derived the closed form expressions for data
aided and non-data aided SNR estimators using maximum
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Fig. 5: NMSE contours of Data aided estimator for g=100 to 1000
symbol size, p = 0.2, M =4,L =3

likelihood estimation technique, which are applicable for a
MISO communication system employing non-coherent M-
ary frequency shift keying (NCMFSK) modulation. We have
assumed correlated Rayleigh fading channels with additive
white Gaussain noise (AWGN). Cramer-Rao bound (CRB)
has been derived for evaluating the performance of designed
estimators. On the basis of numerical analysis done in the
previous section, we have found that the performance of the
data aided estimator in low SNR regions is best in all the
cases in comparison with that of non-data aided estimator.
The performance for both the estimators can be enhanced
by increasing the number of transmitting nodes, modulation
order and number of symbols. However, both of the estimators
perform equally well with larger number of transmitting nodes
and higher correlation values at high SNR values. All the
values of channel correlation are assumed to be known in this
work. However, it is recommended that the channel correlation
values may be estimated on the basis of received data and it
is left as a future extension to this work.
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