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Abstract—We develop a stochastic model to characterize the
effects of correlated shadow fading on a linear cooperative multi-
hop wireless network. A one-dimensional network of equally-
spaced nodes is considered, where a group of nodes transmits
cooperatively to another group of nodes under large-scale fading
effects. The transmission from one level to another is modeled
as a Markov process and the transition probability matrix of the
Markov chain is derived, which depends upon the underlying
distribution of the received power. The received power is modeled
as a log-normal random variable and its distribution is derived
by using Fenton-Wilkinson’s approach. The eigen-decomposition
of the transition matrix provides insightful information about the
network coverage and various other parameters. We quantify the
values of signal-to-noise ratio margin required to get a desired
coverage distance under a given quality of service and standard
deviation of shadowing constraints. The accuracy of the model is
validated by matching both the simulation and analytical results.

[. INTRODUCTION

High data rate is becoming one of the main feature in
next generation wireless systems owing to the ever increasing
demands for multimedia services and web-related contents.
However, channel fading and other transmission impairments
severely limit the data rate capability of these networks. An
efficient technique to combat channel fading is to exploit the
spatial diversity by having many radios transmit the same
message signal. This idea known as distributed multiple-input
multiple-output (MIMO) was proposed as compared to the
co-located MIMO, where the key difference is that multiple
antennas at the front-end of the transmitters are distributed
among widely separated radio nodes. In this way, multiple
nodes form a virtual antenna array that achieves higher diver-
sity gains [1]. This kind of cooperative transmission (CT) has
attracted a large attention in the past few years in both cellular
as well as sensor networks.

A simple and efficient physical layer CT scheme for large
networks is Opportunistic Large Array (OLA) [2]. In an OLA
transmission, a group of nodes, constituting a level, transmits
the same message to another group of nodes under orthogonal
fading channels. All nodes that have successfully decoded the
message from the previous level nodes, relay the message
together, without coordination with other relays and this
process continues. OLAs have been shown to provide range
extension as well as energy-efficiency in wireless networks.
A considerable literature on OLA transmission has appeared.
The authors in [3] studied the behavior of dense wireless

cooperative networks. With continuum assumption, implying
an infinite node density per unit area, they showed that if
the decoding threshold is below a certain value, the message
can be delivered to the destination regardless of how far it
is. However, this assumption may not be appropriate for low
density networks. In [4], the authors studied a finite density
linear cooperative network and derived an analytical model for
it. They provided upper bound on network coverage under a
fading channel environment. However, they only considered
small-scale fading and modeled the channel as independent
Rayleigh fading with path loss having an arbitrary path loss
exponent. Variants of linear OLA finite density networks with
relay fading have been studied in [5].

In a practical wireless channel, large-scale fading, known
as shadowing, also affects the performance of the network.
A range extension study has been conducted in [6], where
the authors study the impacts of independent shadowing and
fading on linear OLA topologies. However, shadowing channel
realizations are generally correlated and impact the system in a
different manner. Therefore, in this paper, we study the impacts
of shadowing on the performance of finite density multi-
hop cooperative wireless networks. For simplicity, we assume
shadowing correlation at the transmitter side, such that a node
receives superimposed correlated copies of the same message
from different transmitters. Shadowing is modeled as a log-
normal random variable (RV) [7]. In cooperative networks, the
received signal at a node is the sum of multiple transmitted
signals each of which is affected by correlated shadowing.
However, in literature, there is no closed-form expression for
the probability density function (PDF) of the sum of multiple
log-normal RVs [7]. There are different approximation tech-
niques such as Schwartz and Yeh [8], Fenton-Wilkinson [9],
and Farley [8], which estimate the sum of log-normal RVs
as another log-normal RV. We use Fenton-Wilkinson method
in this work. Our choice of using Fenton-Wilkinson method
is supported by the accuracy and simplicity of this method
proved in [10].

Typical applications of this linear network include structural
health monitoring of buildings and bridges where the nodes
are aligned in a regular linear pattern, finding a route path
from the source to the destination in mobile ad hoc networks
(MANETS), and fault recognition in transmission lines for the
future smart grid systems. This topology would also be consis-
tent with a plastic communication cable, where sensor nodes
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Fig. 1. System Model; M = 4.

are embedded in a plastic wire and cooperative transmission
is performed to transmit the source message from one end
of the wire to another. These wires find practical applications
in air-industry having lighter weights as compared to general
copper wires and reduce the unwanted high electric fields in
the surroundings.

In this paper, we show that by utilizing a quasi-stationary
Markov chain model for propagation of transmissions, and
incorporating the shadowing effects in the underlying model,
significant information about the coverage of the network
can be quantified. It should be pointed out that the main
contribution of this paper is the study of performance analysis
of the network operating under correlated shadowing. How-
ever, as our our model is cooperative, there is a variation
in the Fenton-Wilkinson’s approach, which we will discuss
in the next sections. The paper also describes the effects of
various system parameters like shadow standard deviation,
number of cooperating nodes, and transmit power constraints
on the performance of the cooperative multi-hop network
under consideration.

This paper is organized as follows. Section II describes our
network parameters. In Section III, we model the network
as discrete-time Markov chain, obtain the sum distribution
of log-normal RVs by Fenton-Wilkinson's approximation, and
find the transition probability matrix of the Markov chain. In
Section IV, we validate our analytical model through numerical
simulations, while Section V concludes this paper with certain
recommendations of the future work.

II. SYSTEM DESCRIPTION

Consider a linear network where the distance between the
adjacent nodes is d, as shown in Fig. 1. The network is
partitioned into non-overlapping groups of nodes, such that
each group or Jevel consists of M number of nodes. The
nodes of a level cooperate with each other to send the same
message signal to the next level. However, only those nodes
take part in transmission that have decoded the data perfectly
from the transmission of previous level nodes. These nodes are
known as decode-and-forward (DF) nodes. Diversity in this
network can be achieved by employing frequency diversity,
where each radio is assigned an orthogonal frequency, or
by using appropriate space-time code. Besides the partition
constraint, this network is still opportunistic in the sense that
it is unknown apriori how many nodes in a level can correctly
decode the message. At any level, a node becomes DF, when
the signal-to-noise ratio (SNR) of the received signal at that
node, after post-detection combining, is greater than or equal
to a modulation dependent threshold, 7. The filled circles in
Fig. 1. show the DF nodes. We assume that the transmit power,

P, is same for all nodes. We define N,, to be the set of indices
of those nodes that decoded the message successfully at time
instant or level n. For instance, from Fig. 1, N,,_; = {1,4},
N,, = {1,2}, and N,,;1 = {1, 3}. The received power at any
time instant n on the kth node is given by

Pri(n) = % Z

meN,, 1

Vmk
(M —m+ k)8’ M

where the summation is over the DF nodes in the previous
level (n—1) and S is the path loss exponent with a usual
range of 2-4. The shadowing channel coefficient, v, from
node m in level (n— 1) to node k in level n is log-normal
RV; vy, = €Y, where Y ~ N (fy,6%); iy = Apy and
7% = Aoy >, where iy (dB) is the mean of Y, oy (dB) is the
standard deviation of Y, and A = In10/10 [10]. The standard
deviation, oy, is called the dB spread and its typical value is
between 6-12 dB for practical channels, depending upon the
severity of the shadowing. We assume perfect synchronization
between nodes of a level such that the DF nodes transmit the
signal at the same time.

III. MODELING BY MARKOV CHAIN

At a certain time n, the state of each node is represented
by a binary indicator RV, I, such that for kth node at time
instant n, Ix(n) = 1 represents that the node k has de-
coded and I;(n) = O represents that the node k has not
decoded the data. The state of each level can be represented
as X (n) = [I1 (n),Iz2(n),...,Ix (n)]. We notice that the
outcome of X (n) is an M-bit binary word, each outcome
comprises a state, and the total number of states are 2
starting from 0 to 2 —1 in decimal. For example i, = {1100}
in binary, and i, = 12 in decimal from Fig. 1. Since the state at
any time depends upon the transmissions from previous level
only, therefore X' is a memoryless Markov process. It can
be further noticed that the Markov chain, X, can go into an
absorbing state at any point in time with nonzero probability,
thus terminating the transmissions. At that time the Markov
chain will be in O state (decimal) and this state will occur when
all the nodes in a hop fail to decode the message correctly.
Thus the state space of Markov chain X is {0} U S, where 0 is
the absorbing state and S is a finite transient irreducible state
space; S = {1,2,...,2M =1} If we remove the transitions to
and from the absorbing state, the resulting transition matrix,
P, is square, irreducible, nonnegative and right sub-stochastic.

According to the theory of Markov chain, we know that a
distribution u = (u;, ¢ € S) is called p-invariant distribution if
u is the left eigenvector of this particular transition matrix, P,
corresponding to the eigenvalue p, where p is the maximum
eigenvalue of P, i.e., uP = pu. Since Vn,P{X(n) = 0} > 0,
thus ultimate killing is certain. But we want to find the
distribution of the transient states, before the killing state
occurs. This type of limiting distribution is called the quasi-
stationary distribution of the Markov chain [4], which is
independent of the initial conditions of the process. This
unique distribution is given by the p-invariant distribution for
one-step transition probability matrix of the Markov chain
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on S. We can find the quasi-stationary distribution by first

calculating the maximum eigenvector, i of P, then defining
_oa 2M_q . . N

u=1u/ Zi:l u;, as a normalized version of 10, that sums

to one. Thus the unconditional probability of being in state j

at time instant n is

P{X (n) =j} = p"u;, j € Sn = 0. @)

We also let 7' = inf{n>0:X(n)=0} denotes the
end of survival time, i.e., the time at which the Kkilling
occurs. It follows then P{T>n+ng|T>n} = p"o,
while the quasi-stationary distribution of Markov chain is,
lim P{X(n) =j|T >n} =u;, j€S

" The next step is to find the state transition probability
matrix, P, for our model, the eigenvector of which is quasi-
stationary distribution. Let 7 and j denote a pair of states of
the system at time instant (n — 1) and n, respectively, such
that i, j € {1,2,...,2 — 1}, where i and j are the decimal
equivalent of the binary word formed by the set of indicator
RVs. Let the received SNR at the kth node at time instant n be
given as v (n) = Pri(n)/o2,,.., where o2 . is the variance
of noise at kth receiver, and Pr is the received power as given
in (1). Without the loss of generality, we assume identical noise
variances for all the nodes at any time instant. Now for each
node &, the conditional probability of being able to decode at
time n is given as

P {node k of level n will decode |¢)} =
P {Tx(n) = 1{¢} = P{yk(n) > 79}, 3)

where the event ¢ is defined as ¢ = {X¥(n—1)¢€ S},
implying that the previous state is a transient state. In the same
way, the probability of outage or the probability of I (n) =0
is given as 1 — P {vx(n) > 7|1}, where

Pl 2o} = [ pgu )l @

where p., k| is the conditional PDF of the received SNR at
the kth node conditioned on the state X'(n — 1). It can be
noted that the received power at a certain node is the sum of
the finite powers from the previous level nodes, each of which
is log-normally distributed. However, the sum of log-normal
RVs does not have a closed form expression [7]. Therefore,
we use Fenton-Wilkinson’s approximation method to find the
sum distribution [9]. This method was originally developed
for independent log-normal RVs, but it was extended for
the approximation of correlated log-normal RVs in [10]. We
want to find the complementary distribution function of the
sum of N correlated log-normal RVs (v1,72, ..., yn), where
max|N| < M. Let v = 91 + 92 + ... + vn. This method
approximates the sum of log-normal RVs by an another log-
normal RV. So v becomes

y=el +e¥2 4 . 4V el (5)

where L is a Gaussian RV; L = Eﬁi:l Y,,., and each Y,,, is
also Gaussian RV with mean py;, and variance a)2,m. To create
a vector of N correlated Gaussian RVs Y = [Y7,Ys, ..., Yy]7,

where T denotes the transpose operation, first a vector of
uncorrelated Gaussian RV, X, is created. Then by using a
linear transformation Y = CX, the desired correlated RVs
are obtained. The matrix C is given as I' = CC7T, and is
found by using the Cholesky factorization [12], where T' is
the correlation matrix given by

1 r "IN

T = : oo . (6)

TN1 TN2 ot 1

I' is symmetric and positive semi-definite, which is a necessary
condition for correlation model [11]. It is important to mention
that the size of I' may change on every hop as the number
of DF nodes may change from level to level. Remember that
each X,, denotes the received SNR when mth node in the
previous level transmits. We select identical variance o2 for
each X,,, however, because of the path loss the mean of each
X, varies and is given as

P
df (M —m+k)*’
where £ is the position of the receiving node at time instant
n, m is the position of the transmitting node at level (n — 1),
and the rest of the variables have the usual meaning.

The mean p;®) and standard deviation o7 *) of L at
kth node in (5) in Fenton-Wilkinson’s method is found by
matching the first two moments of L with the first two
moments of (y1 + 2 + ... + 7). Let ¢1 and ¢- represent the
first and second moment of (1 + v2 + ... + yn ), respectively,
then matching the first moment gives

(7)

/’Lan:

N
Eh] _ e#L(k)JrU%(k)/Q _ Z e#YerU?/m/Q = . )
m=1

In the same way, matching the second moment gives

. N N-1

21 _ 2up M 4252 2y, +202

E[y?] = e* D= ) e, g
m=1 m=1

i euym+uyle%(02ym +U§/l +2TmlaYmUYl)} =¢a, (9)
l=m+1
where r,,; is the correlation coefficient between Y,,, and Y;.
From (8) and (9) the xz®) and ai(k) can be obtained as

1
pr®) =2In¢; — 5 062, (10)
2™ —1ngy — 2In¢,. (11)

Hence the conditional probability of a single node, &, to decode
correctly in (4) becomes

P{70 2 iy} =P (e > 7) =F(L 2 Mn7) =

In7 — pup,®
Q <0'L(k) ) (12)

where v(*) is the received SNR at kth node in the receiving
level at time instant n, puz;,®) and o, *) denote the mean
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and standard deviation of the SNR at node k, where & =
{1,2,..., M} and the respective SNR levels of other nodes
change by (10) and (11), which are further dependent upon
(7) and the number of transmitting nodes N. In (12), Q-
function denotes the tail probability; Q(z) = 5= [ et /24d¢.
Equation (12) describes the success probability of one node.
For M nodes in a level, let Nslj ) and NS ) denotes the set of
indices of those nodes, which are 1 and 0, respectively, at time
instant n in state j, then the one-step transition probability for
going from state 7 to j is given as

InT — pp®
P;; = II {Q (70L(k) X
keNy)
InT — L(k)
I y-e(Fom—)
) oL
keNY)

Equation (13) provides one entry of the matrix P. Similar
procedure is used to find all the entries of P, which can then
be used to find the quasi-stationary distribution of the Markov
chain.

IV. RESULTS

In this section, we present numerical results based on
simulation and analysis. Various correlation models have been
proposed in literature, however, we use an exponential model
to characterize the correlation between the channel gains of
various transmitters. More specifically, the correlation between
transmitters decorrelates exponentially with distance [11]. The
correlation coefficient between two transmitters x and y is
given as rp, = exp”dzy\/ do  where dyy is the distance
between x and y and dj is a tunable parameter known as
decorrelation distance. Without the loss of generality, we
assume dy = 1 throughout our results.

For simulation purposes, we calculate the received power
at each node based on the previous state (assuming an initial
distribution for the first hop), which sets the indicator functions
as either 0 or 1 depending upon the threshold criterion. These
indicator functions form the current state and the process
continues until an absorbing state is reached. We obtain the
distribution of the chain by averaging over 1 million simulation
trials. Fig. 2. shows the probability of state distribution of the
Markov chain at different hops, for M = 2, r,, = 0.3, and
o = 4dB. In this case, the total number of transient states is
3, namely {0,1}, {1,0}, and {1,1}. The figure shows the
probability of being in all three states at various hops by
using both the network simulation results and the analytical
model. It can be seen that analytical results are quite close to
simulation results, which shows the validity of our analytical
model. It can be noticed that as the hop count increases, the
probability of being in transient state decreases, which shows
that eventually the transmission will stop propagating. Similar
results are obtained for other values of M, which are not shown
here to avoid repetition. The rest of the figures, i.e., Figs. 3-5
are based on analytical expression (13).

—&— P{X(n) = {0,1}} Simulation
3| | —6— P{X(n) = {1,0}} Simulation
—&— P{X(n) = {1,1}} Simulation
—— P{X(n) = {0,1}} Analytical
— P{X(n) = {1,0}} Analytical
— P{X(n) = {1,1}} Analytical

Probability of state distribution
5

n . .
0 20 40 60 80 100
Number of hops

Fig. 2. Comparison of state distribution of analytical and simulation model;
for M = 2.
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Fig. 3. Probability of one-hop success vs. SNR margin for M = 3.

Fig. 3. shows the probability of one-hop success, p, which
is the probability that at least one node in a level decoded
successfully, versus SNR margin, Y, for various values of
shadowing standard deviation, o, and keeping M = 3 fixed.
One-hop success probability is given by the maximum eigen-
value of P and SNR margin, T, is defined by normalizing the
received SNR at a node, which is a distance d away from its

transmitter. Specifically, T = dlsz. For the simulation results
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Fig. 4. Probability of one-hop success vs. SNR margin for o = 10dB.
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Fig. 5. Contours of normalized distance as a function of 7 and o; T = 15
dB and M = 6.

we keep unit P; and unit d, while 5 = 2. It can be noticed
that as the SNR margin is increased, the one-hop success
probability also increases. However, by increasing the standard
deviation, o, of log-normal shadowing for a fixed value of T,
the probability of success drops, which shows the effect of
the severity of shadowing on the network performance. All
curves for various o converge at higher Y, which shows that by
increasing T we can overcome the loss incurred by shadowing.

In Fig. 4. by keeping the o constant, we plot the probability
of one-hop success, p, against T for various values of M. It
can be seen that by increasing M, the probability of success
also increases, which shows the effect of increased transmitter
diversity on the system. For a fixed T, if we define the gain
in success probability as, Apyy, = plp=y — p|lm=z, then it
can be seen that Apys is larger as compared to Apsy. For
example at T of 8 dB, Apaz ~ 0.036 while Apzs ~ 0.01.
Thus it shows that the diversity gain obtained while increasing
M has a diminishing behavior and once reached to saturation,
a further increase in M will not achieve any gain at a particular
value of Y.

From the deployment perspective of the network, it is some
times required to optimize the values of certain parameters
like transmit power of relays or distance between them. This
optimization is done to obtain a certain quality of service
(QoS), n. The QoS is the probability of delivering the message
to a certain distance without being entered into the absorbing
state, and the ideal value of 7 is 1. Thus the theory of
quasi-stationary Markov chain [4] provides an upper bound
on the number of hops, 1y, one can go with a given 7, i.e.,
p"° > n, which gives ng < }E—Z. Multiplying the number of
hops, ng, by M provides the maximum distance that can be
reached with a certain QoS, 7. Fig. 5. shows the contours
of normalized distance that can be reached as a function of
n and o, at a specific SNR margin of ¥ = 15 dB and
M = 6. We normalize the distance by dividing it by the
maximum distance, which for this particular case is 1.8167¢8.
Normalization is only done for a better representation of the
figure. It can be noticed that a particular coverage can be
obtained having different combinations of 7 and o. However, o

is environment dependent and by keeping all other parameters
such as T and M fixed, the message can only reach larger
distance with low QoS. Further, it can be noted from the figure
that o severely effects QoS. For example a normalized distance
of 0.1 can be reached with n =~ 0.9 when ¢ ~ 6 dB, however,
when o ~ 7 dB, then the same normalized distance of 0.1 can
be reached with 7 =~ 0.4, reflecting a loss in QoS. Hence it
can be seen that the proposed model precisely quantifies the
coverage area of a line network under various parameters. This
could help a network deployer to efficiently decide various
network parameters such as level of cooperation, SNR margin,
and QoS for better system performance.

V. CONCLUSION

A stochastic model for correlated shadowing for cooperative
multi-hop linear network has been presented in this paper.
The log-normal PDF of the received power is obtained using
the Fenton-Wilkinson’s method and is incorporated into the
model. The coverage of this network is found by applying
the Perron-Frobenius theory of nonnegative matrices. The
effects of shadow standard deviation has been quantified on
the performance of the network and it has been shown that
an increase in the standard deviation of shadowing decreases
the coverage of the network under a given transmit power
constraint. As a future work, it is recommended to extend this
model for two-dimensional network and study the joint effects
of small-scale and large-scale fading on the performance of
cooperative multi-hop networks.
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